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Chapter 1

Introduction

Lecture 1 (January 05)

1 Organization

1.1 General
e Small group, grad course

— interaction
— discussion

— background
— feedback

Blackboard or tablet?

e Lecture notes on Avenue

This is mostly based on Evans (2010) — Partial Differential Equations

4 homework assignments (15% each)

Jan 19 — Jan 26

Feb 2 — Feb 9

Feb 16 — Mar 2 (Reading Week)
Mar 9 — Mar 16

Q

Q

Q

Q

Final presentation (40%)

— Topic selection end of February/beginning of March
— Presentations during last lectures

* Mar 30

* Apr 1

* Apr 6 (Easter Monday)
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1.2 Roadmap
1. Classical theory

e Transport equation
e Laplace/Poisson equation
e Heat equation

e Wave equation
2. Sobolev spaces
3. Nonlinear first order PDEs

e Conservation laws
e Shocks
4. Second order ellipctic PDEs
5. Advanced topics
e Calculus of variations
— Euler-Lagrange Equations
— Optimization Problems
e Fluid dynamics
— Navier-Stokes equations

— Euler equations

2 Notation

In what follows we will try to follow the notation of Evans 2010 as closely as
possible to avoid confusion.

e U C R” is an open, i.e. U subset of the n-dimensional real Euclidean
space. It is called the domain. Open to be able to define derivatives at
every point € U. In the literature this is sometimes denoted by (2. Later
we will sometimes use n + 1 dimensions to distinguish time.

e Unknown or solution u: U — R.

e We will also consider u : U — R™ and try to be consistent to use u* for
the k-th component of u. Evans 2010 uses v but since this is inconvenient
for writing we will try to specify if we are working with scalar or vector
valued partial differential equations.

_ _ _ _ a _ . .
o U = Uy, = Oju = Oy, = 87“(:2) = limy_,0 , where ¢; is

the unit vector in x; direction, is the partial derivative in x;-direction,
provided it exists. Sometimes we also write z,y, z instead of x1,zs, z3.

u(x+he;)—u(x)
h

2



e a=(ay,...,ap), where o; € Ny is a multiindex of order |a| = a1+ - -+ay,.

o Du(z) = %u(z) — 9 .. 9% u(z)

o VFu(xr) = D*u(x) = {D%||a| = k} is the set of all partial derivatives
of order k. For scalar u it can be seen as a point in R™ or as a rank k
tensor. For vector valued w it is a point in R™ n*

e Vu= Du = (01u,...,0,u) is the gradient

Pu ... 0
o D%y = : is the Hessian (matrix) of u
Op01u ... 02u

o Au=>" d%u is the Laplacian of u. In the literature Au is sometimes

denoted by VZ2u.

Definition 1
An expression of the form

F (D*u(z), D u(z),. .., Du(z),u(z),z) =0 (1.1)
for all x € U, where
F:R" xR 'x--.xR"xRxU =R

is given is called a partial differential equation (PDE) of order k and u: U — R
is the unknown or solution.

Definition 2
Similarly

F (D*u(z), D" u(z),..., Du(z),u(z),z) =0,
where
F:R™™ xR™™ 7 ... x R™" x R™ x U — R™

for u : U — R™ is given is called a k-th order system of partial differential
equationsor vector valued PDE.

3 Classification

Definition 3
A PDE is called

1. linear if it has the form

Z ao(z)D% = f(x) (1.2)

lal<k

for given functions a,, f. It is called homogeneous if f = 0.

3



2. semilinear if it has the form

Z o (2)D%u + ag(D*tu, ..., Du,u,z) =0
|a|=k

3. quasilinear if it has the form

Z ao(D* Y, ..., Du,u, ) D% + ao(D* u, ..., Du,u,z) =0
|| =k

4. fully nonlinear if it depends nonlinearly on the highest order of derivatives.

Formally (1.2) is equivalent to

Lu=f, L= Z aq(x)D%,

la| <k

i.e. a linear differential operator L acting on u. Similarly one can define nonlin-
ear differential operators but the terminology does not match other definitions
of quasi or semilinearity. The principle part of L = Z‘ al<k Ga (z)D* is given by
Ly = Z\a|:k aq(x)D®. Tt determines many of the properties of the solutions.

Definition 4
For a general second order linear PDE in two dimensions

0z, 0y) <(b’ i’) (0, 8y) u + (dy€) (D, By) " o
AUy + 2bUgy + Clyy + duy +euy = f (1.3)

with (a,b,¢,d, f)(z,y) there is an important characterization by the principle
part, i.e the matrix. (1.3) is called

e elliptic if the eigenvalues have the same sign, i.e.

det(a b) =ac—b2>0
b c

e parabolic if one of the eigenvalues is zero, i.e.

det(a b) —ac—b2=0
b c

e hyperbolic if the eigenvalues have the opposite signs, i.e.

det(a b) —ac—b2 <0
b c

There are classifications for non-second order equations which reflect the
properties of the solutions.



4 Some PDEs

This should give a little motivation as to why PDEs are a big topic in mathe-
matics and what to expect

e The Cauchy-Riemann system
Ozt = Oyv, Oyt = —0yv

is a first order system of linear PDEs in n = 2 dimensions. Identifying R?
with C the solutions (u,v) : U — R? correspond, assuming they are suffi-
ciently smooth, to the real and imaginary part of a holomorphic function
h:U — C.

e The Laplace’s equation
Au=0
is a homogeneous second order linear PDE.
e The Poisson’s equation is given by
—Au=f

for a given f independent of w is an inhomogeneous second order linear
PDE. u represents the electric potential of a charge distribution f.

e The Nonlinear Poisson equations is given by

—Au = f(u)

e The linear transport equation
ug+b-Vu+cu=0

in (t,z) € U C R""1. Here we split the ”special time” variable ¢ and the
gradient only acts on the spatial variable V = (0,,,...,0,,) This repre-
sents a distribution u transported in direction b € R™ with a source/sink
c.

e The Heat or Diffusion Equation
u — Au =0
describes the time evolution of diffusive quantities like heat.
e Wave equation
gy — Au =10

describes the time evolution of waves/oscillations

5
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https://en.wikipedia.org/wiki/Poisson%27s_equation
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e Inviscid Burger’s equation
U +uuy, =0
is a prototype of a nonlinear equation creating shocks.
e Schrodinger equation
ug + Au = cu
describes the behaviour of the wave functions in quantum mechanics.

e Maxwell’s equations

V-E=Ff

V-B=0
E,=VxB+c
B;,=-VXxE

describe electromagnetism.
e Navier-Stokes (v > 0) and Incompressible Euler equations (v = 0)

ug+u-Vu+Vp—vAu =0
V-u=0

describe fluid dynamics.

5 Studying PDEs

Ideally we would like to find explicit solutions of a PDE, i.e. a function u satis-
fying (1.1) under some constraints, for example initial and boundary conditions
or regularity assumptions. However, as can be seen from the vast variety of
PDEs this is always possible. Then we try to prove the existence of a solution
and other properties such as uniqueness, regularity, or decay.

In fact even this is challenging. One of the only rather general results in
the theory of PDEs is the Cauchy-Kovalevskaya Theorem (Evans 2010, 4.6.3
Theorem 2; Folland 1995, Chapter 1.D Theorem 1.25), which basically states
the following. Every PDE of type

OFu = F (,t,u, (9]020) oy ki< )
+ initial conditions

where F' and the initial conditions are analytic has a local unique analytic
solution. While this seems rather general, it only yields existence in an € neigh-
bourhood of the initial time.
Lecture 2 (January 07)
Therefore, in the following we will first look at prototypes of different kinds
of PDEs and then generalize the ideas.


https://en.wikipedia.org/wiki/Burgers%27_equation
https://en.wikipedia.org/wiki/Schr%C3%B6dinger_equation
https://en.wikipedia.org/wiki/Maxwell%27s_equations
https://en.wikipedia.org/wiki/Navier%E2%80%93Stokes_equations
https://en.wikipedia.org/wiki/Euler_equations_(fluid_dynamics)

1. We want to prove well-posedness, i.e.

e the existence of solutions
e the uniqueness of solutions
e continuous dependence on the data given
2. The regularity of solutions plays a crucial role. In fact, what do we require
for a solution? Does it have to satisfy the PDE in a classical sense, or
can we relax it to an averaged sense. How do we solve PDEs if the PDE

naturally develops jumps and the differential operator does not make sense
anymore?

3. What additional properties do solutions satisfy?



Chapter 2

Classical Theory

6 Linear Transport Equation

The linear transport equation is given by
u+b-Vu=0 in R™ x (0, 00)

where b € R™ and the unknown is v : R® — R. Here x represents a point in
space and ¢t > 0 time.

To find a solution notice that if we let x,¢ depend on some variable s and
define z(s) = u(x + y(s),t + 7(s)), then

d d

d " ad
752(8) = ulz +y(s), t+7(s)) = ;u£y () +u ot

=y(s) - Vu + 7(s)us,

where f(s) = 4 f(s). If y(s) = b and 7(s) = 1 then

d d
— = =— = . = 2-1
o (u(z + bs,t + s)) dsz(s) b-Vu+u, =0, (2.1)

i.e. u is constant on lines in direction (b, 1) in the (z,t) plane. So if we know the
value at any point of the line we know it everywhere on the line. draw picture!

6.1 The Initial Value Problem

Consider

u+b-Vu=0 for all (z,t) € R" x (0,00) (2.2)
u=yg  forall (z,t) e R" x {t =0} (2.3)

where b € R™ and g : R™ — R are given and g is sufficiently smooth (see Remark
5 later).



From the previous considerations the line through (z,t) in direction (b, 1)
is given by (x + bs,t + s) and it hits the plane R™ x {t = 0} at s = —t, i.e.
(x —bt,0). So by (2.1) u is constant on this line and
w(z,t) = u(x + bs,t + 8)|s=0 = u(x + bs,t + 8)|s=—¢
= u(z — bt,0) = g(x — bt)

for all x,t € R™ x (0, 00).
Remark 5 (Regularity Considerations)

1. By sufficiently smooth we mean that all the subsequent calculations are
justified. In general it is rather common to consider the smooth scenario
first and afterwards think about the smoothness depending on the data
or what goes wrong if the data is not sufficiently regular.

2. In order for the PDE to make sense (all operators to be justified) u has
to be differentiable, i.e. g should be C'. But the profile of g is just
transported in direction (b, 1), so u(z,t) = g(a — tb) solves (2.2), (2.3) in
some sense even if g & C''. We will consider such weak solutions later.

3. In the following, if not explicitly specified, everything will be considered

as sufficiently smooth.

6.2 The inhomogeneous initial value problem

Consider

u+b-Vu=f for all (x,t) € R™ x (0,00) (2.4)
u=g for all (z,t) € R" x {t =0} (2.5)

where b € R, f:R" x (0,00) — R, and ¢ : R® — R are given.
Inspired by the previous considerations, let

z(s) = u(x + sb,t + s)
then
2(s) =b-Vu(z + sb,t + s) + u(x + sb,t + s) = f(x + sb,t + s).

Therefore

0
(@, ) — ulz — bt,0) = 2(0) — 2(—t) = /_t 5(s) ds
0 t
= flx+ sb,t+s) ds:/o flx+ (r=t)b,7) dr

—t



and
u(z,t) = u(x — bt,0) + / flx+ (r—t)b,7) dT)
0

= g(z — bt) +/0 fla+ (r=t)b,7) dr

solves (2.4),(2.5).

Remark 6 (Method of Characteristics)

We have solved the PDE by, in essence, letting = and ¢t depend on a variable s
which turns the PDE into an ODE in s. This describes curves in the x, t-plane
called characteristics. Solving the ODE along these characteristics, we find the
solution of the PDE.

7 Laplace’s Equation

Consider Laplace’s equation

Au=0 (2.6)
and Poisson’s equation

—Au=f (2.7)

The — is artificial but matches the notation for general elliptic PDEs considered
later. for x € U, u: U — R and in (2.7) also f : U = R. Au= Y1  0%u is
called the Laplacian of u.

Definition 7
A function satisfying (2.6) is called a harmonic function.

For now consider U = R™\{0}.
Laplace’s equation on R" is rotationally symmetric see Homework, so we
look for radial solutions

u(z) = g(|x)-
For rotationally symmetric functions the Laplacian is given by see Homework

n—1 n—1
0=Au=g"(|lz]) + Wg'(lxl) =g"(r)+ "

g'(r) (2.8)
for x € R™\{0} or r € (0,00). Note that
A (1) = (n = )2 () g ()

_ ,,,nfl <n;19/(7") +g//(r)) (2:8) 0

dr(




i.e.

and

(r) clogr+d n=2
T =
g er’™™4+d n>3

Therefore the rotationally symmetric harmonic functions on R™\{0} are ex-
actly

clog|lz|+d n=2
u(x) = 2—n
cz*"+d n>3

with constants c¢,d € R.

If ¢ # 0 these functions are not singular in 0 and can not be extended con-
tinuously to R™. Therefore the only rotationally symmetric harmonic functions
on R™ are constant functions.

Definition 8 (Fundamental Solution)

" — 5= log |7 n=2
F:R™M{0} = R, F(»”C):{ i 2" n>3

n(n—2)wn,

where w,, denotes the volume of the n-dimensional unit ball B1(0) = {z €
R™ | |x| < 1}, is called the fundamental solution of the Laplace equation.

Remark 9 (Volumes)

1. One has
o3
Wy, = ,
Tooal ()
where I' is the Gamma Function.

9 47 72

wp = We =T w3 = — Wy = —

1 2 3 3 4 5

2. For a general ball its volume (Lebesgue measure)

| Br(2)| = wnr™

3. For the boundary of the n-dimensional ball, i.e. the n— 1sphere, its surface
area (Hausdorf measure) is

0B, (z)| =

11
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Remark 10

1.

Here ¢ is chosen such that
/ v-VF(z) dS(z)=—1 (2.9)
8B,(0)

Here B,(0) = {z € R"||z| < r}, the ball with radius r centered in the
origin, 8B, (0) = {x € R"™||z| = r} the sphere with radius r centered in
the origin, v = Im the outward unit normal.

. If F would be smooth by divergence theorem using the dirac measure

(heuristically dirac function)

/ do(z) dax 7=" / dog(z) =1 @ —/ v-VF(z) dS(x)
Br(0) B-(0) 0B,(0)
:—/ V-VF(x)dx:—/ AF(z) dx
B (0)

B, (0)

for all » > 0 motivating the expression ” — AF = §p”. Later we will make
this rigorous.

The Poisson equation (2.7) describes a the electric potential u for a charge
distribution f. Therefore the fundamental solution yields the potential of
a unit point charge at 0.

When shifting the fundamental solution by y, it still solves AF(xz —y) =0
for all z # y. Considering the Poisson equation

Since

—Au=f

the fundamental solution describes the potential of a unit point charge

at 0, if we have multiple point charges we can construct a solution by adding

finitel

y many shifted fundamental solutions, or try to generalize by convolution.

Theorem 11 (Solution to Poisson’s equation)
Suppose f € C2(R"), then

satisfi
1.
2.

Proof
Since

log\x—y| dy n=2

u(x) = | F(z—y)f(y) dy = { 2 Jre £

e n(n—2)wn fRn |x—y\n—2dy n>3
es
u € C?
u solves —Au = f in R™.

V2F ~ |z|~™ we can not immediately differentiate. So we change variables

12


https://en.wikipedia.org/wiki/Divergence_theorem
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ue) = [ Fla-piwis = [ Fo)fa-y) dy

In x we change y — x — y and change swap limits to get back R" in the right
order Note first that we can exchange differentiation and integration since

u(x+he;L-) — u(x) 7/71 F(y)f(erhei —Z) —f(ac—y)dy

and therefore

oule) ~ [ Fw)ouf(a ) dy‘
[ r (LR TEED g ) 4

h
flx+he; —y) — f(z —y)
h

= lim
h—0

[F(y)| dy lim sup
h—0 yER"

shifted —0if(w - y)‘

supp(f,9z f)
<c —0 since f€C?

=0

For a general exchange of derivative and integration theorem see here. Analo-
gously for the second derivative. Therefore

0, 0y, u(w) = / ) F(y) 02,0, f(x —y) dy

€CO wrt ©

so it is continuous in x, proving part 1.
Lecture 3 (January 12)
Because of the singularity of F we need to split the integral

du= [ F)asa-y) dy

- / F(y)Af(z —y) dy+/ Fly)Af(z —y) dy
B:(0)

R™\ B (0)

=I. =J.

then

1L < 92 f e g / F(y)| dy = cwn / P F(r)] dr
———JB.(0) 0

€
<c is this clear?

2
e?lloge| n=2
SCO{EQ n>3

13
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Therefore lim._,o I. = 0.
For J. integration by parts yields

kz/ﬁ F(y)Af(r —y) dy
R"\ B, (0)

_ / Fy)v - Vf(z —y) dS(y)
9B:(0)

LE

- / VE(y) - Vf(x—y) dy
R™\ Bc(0)

K.

Again

Celloge] n=2

L. | <||Vfllp=
[Le| < IV fllL <aBa<o>>/(,3 Ce n>3

)F@H@<{

€

implying L. — 0.
Again integration by parts for K. yields

K.—— / VF(y) - Vi@ —y) dy
R"\BE(O)

. / VE@) vz —y) dS@) + / AF(y) f(z —y) dy
9B:(0) R"\ B (0) \1/04

Since by definition VF(y) = —~ % one has

nwy [y[™

K.—— / VE(y) - vf(x —y) dS(y)
0B:(0)

—— [ Y-y s
o

B.(0) "wn Y™ |yl

(2.10)

1 1 e
- il pds) =~ fla-y) dS) T ~1(a)
NWn JoB.(0) € 0B:(0)
Combining everything and letting e — 0
Au(z) = f(x)

proving part 2.
Remark 12

1. f € C?>(U) means f € C%*(U) with compact support, i.e its support

supp(f) = {z € U| f(z) # 0} is compact

2. Integration by parts formula clear (Homework?) otherwise use max since

fec?
3. Holder’s inequality clear?

14



7.1 Mean Value Properties

Theorem 13 (Mean-value formula for harmonic functions)
If w € C? is harmonic, then

u(z) = ]{) o Mds) = ]{3 )y

for all balls B(z,r) C U.

Proof
For
o(r) = ][ u(y) dS(y) == ][ w(z +r2) dS(2).
8B, () 9B1(0)
one has

/ = u\xr rz)-z z) = u yiz
)= f  Duper)zdse) = Du)- U asw)

1 1
= BB Duy-ndSy=7/ D - Du(y) dy=0
0B, ()| JoB,(x) ) ) 0B (2)| /B, (2) 2%
(2.11)
Therefore
p(r) = lim p(p) = lim u(y) dS(y) = u(x)
=0 p=0 0B, ()

For the volume integral note that

1 1 r
][ u(y) dy = —— / u(y) dy = —— / / u(y) dS(y) dp
B,(z) WnT™ J B, (z) wWnT™ Jo JoB,(z)

[0B, () |u(x)

_ / wanp™ tu(z) dp = u(x)
0

Wpr™

Theorem 14 (Reverse mean value property)
If u € C? satisfies

u(x) = ]é M) 450)

for all B,(xz) C U, then u is harmonic in U.

15



Proof
Assume Awu # 0, then by continuity there exists some B,.(z) C U such that
Au >0 in B,(x). But since

o(r) = ]é M) 45) =)

is constant in r we have

;o (2.11) 1
= = — A d

a contradiction. 0
Remark/Definition 15 (Sub-/Superharmonic Functions)

1. u € C? is called subharmonic on U if Au > 0 on U. The counterintuitive
terminology will be clear in the comparison principle later The previous
proof shows that for subharmonic functions

u(z) < ]{3 PROEE ][ u(y) dS(y) (2.12)

0B ()

and if even Au > 0

u(x) <]{B

2. Similar superharmonic for Au < 0.

» u(y) dy < ][8 . u(y) dS(y)

"

3. Exactly as in Theorem 14 (2.12) actually characterizes subharmonic func-
tions.
7.2 Maximum Principles

Theorem 16 (Weak maximum principle)
Suppose U is bounded and u € C#(U) N C(U) is subharmonic in U. Then

u(z) < maxu
ou

for all x € U.

Theorem 17 (Strong maximum principle)
If U is connected and bounded and a subharmonic function v € C? attains its
global maximum in U, then u is constant.

Remark 18

1. Roughly, the weak maximum principle asserts that the maximum is at-
tained on the boundary and the strong one asserts that it is only attained
on the boundary, expect for the trivial case.

16



2. For superharmonic functions one has equivalent minimum principles and
for harmonic functions

|u| < max |ul
oU

Proof of Theorem 16.
e Since U is bounded 0U is compact and therefore maxgy u exists.

e Assume at first Au > 0. We will prove that there is no maximum in €2 (so
even a strong principle type for strict inequality). Towards contradiction,
assume that u attains a maximum in 2y € U. Then necessarily D?u has
to be semi-negative, i.e. all eigenvalues have to be non-positive. But since
the trace of a matrix is the sum of its eigenvalues

assumption

< Au(zg) = tr(D?*u(zg)) <0,
a contradiction.
e If u is only subharmonic, Au > 0. Let ¢ > 0 and define
ue () = u(x) + lz|>.
Then
Au, = Au + 2en > 2en > 0.

Note that also the maximum of u,. exists since U is bounded. So the
previous part applies, stating that the maximum of w. is not in U, so it
has to be on the boundary. Therefore

u(y) < max(u(r) + €|z|?) = maxu.(r) < max u.(z)
€U €U zedU

< maxu + & max |z|?
U oU
——
<c
for all . Therefore taking the limit € — 0

< .
u(y) < maxu

O
Lecture 4 (January 14)

Proof of Theorem 17.

Set M = maxy u € R. Then by assumption the set {z € U|u(zx) = M} # @
and the set is closed by continuity (The preimage of a continuous function on a
closed set is closed).

17



Next we show that it is also open. For a € {z € U |u(z) = M} and r > 0
with B,.(a) C U, the mean value property states that

M = u(a) S][ u(z) de < maxu(y)]l de =M
B,(a) yeu B, (a)

Therefore equality has to hold and since u is continuous the equality shows
u= M on all of B,(a), implying B,(a) C {u = M}, i.e. {u = M} is open.

So {u = M} C U is open, closed and non-empty. Since U is connected, this
implies U = {u = M}, i.e. u is constant. O

Theorem 19 (Comparison Principle)
If u,v € C32(U)NC°U) and

Au > Av inU
u<wv on OU

then

Proof
Let w = v — v. Then w is subharmonic, since

Aw=Au—Av >0

and

So by the maximum principle
u—v=w<0
O

Remark 20
This is the reason Au > 0 is called subharmonic. For a harmonic function h
and

Au > 0= Ah inU
on OU

one gets

so u is below the harmonic function.

18



Corollary 21 (Positivity)
Let u € C?(U) N C°(U) solve

Au=0 in U
u=gq on OU
1. If g > 0 (or g < 0) then u > 0 (respectively u < 0) in U.
2. If additionally U is connected and g > 0 (or g < 0) at some point on 9U,
then wu is strictly positive (strictly negative) everywhere in U
Proof

1. by the weak maximum principle.

2. by the strong maximum principle.

O

Theorem 22 (Uniqueness)
Let g € C°(QU), f € C°(U). Then there exists at most one solution u €

C2(U) N CO(T) of

—Au=f inU (2.13)
u=g on OU (2.14)
Proof
If uy and wus satisfy (2.13), (2.14), then by linearity for w = u; — us
—Aw =0 inU

w=0 on OU

and so the maximum principle implies 0 = w = u; — ug in U.

Theorem 23 (Continuous Dependence on Data)
If U is bounded and has maximum width [.

1
[ = Hllf {U C {T ER"|le (z—a)| < 21} for some a,e € R", with |e|] = 1}

If u € C2(U) N CO(U) solves
—Au=f inU
u=g on OU
and @ € C?(U) N C°(U) solves
—Ai=f in U
g on oU
then

1 -
0 —u| < g — —? -
mUaXIU u| < IggXIQ gl + S sgplf 1l

19



Proof 3

By linearity we can assume that & = f = g = 0 everywhere and by translation

and rotation invariance we can assume that U C (—3/, 31) x R"7%.

Let M = supy |f| and w(z) = u(x) + $Mz?. Then
Av=~Au+M=fFf+M2>0

in U, i.e. w is subharmonic. Therefore

def max prin def 1 9 1 9
maxu < maxw < maxw < maxu+ -M max z] =maxg+ <M.
T T oU oU 27 | |<il ou 8

Similarly v = —u + $Ma? yields
Av=—f+M=>0

and

def max prin def 1 9
—minu = max(—u) < maxv < maxv < max(—u)+ =M max z]
U U U oU oU |z < %[

1 1
=max(—g) + =I*M = — mi “IPM
LA BT s
implying
inu > mi 112M
min ming — —
T 4= auU g 8
Together
ful < max |g] + 20
max |u max - .
T - aU g 8

O

Lecture 5 (January 19)

7.3 Regularity
Harmonic functions are actually smooth in the interior.

Theorem 24 (Smoothness)
If u € CO(U) satisfies the mean value property

u(x) :][ udS = u dy
OB, (z) B, (x)

for every ball B,.(x) C U, then
ue C®(U).
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Remark 25
u might not be smooth or continuous on the boundary.

Proof
Let n be a mollifier. Set u. = 7. * w in U, = {z € U |dist(z,0U) > e}. Then
ue € C*(U,) by homework.

But also

=u(z)|0Br ()|

) [ () 198, @) dr

on

—uorg [, (8

—u@) [ nlw)dy
B. ()
= u(x)
Therefore u = u, in U, and therefore u € C*°(U;) for all € > 0. O
In fact one can prove even prove analyticity. For this we need the following.

Lemma 26
Let w be harmonic in U. Then

[V&u(zo)| <

1 9k \
W™ ( ) [ull 1 (B, (z0)) (2.15)
for all g with B,.(z9) C U and |a| = k.

Proof
By induction.

e k = 0 is the mean value theorem.
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e For k — k 4 1 note that if V®u is harmonic, so is 9;V*u and therefore

|0; VYu(zo)| = ][ 0;Veu dx
B_r_(zo)

FFT

1 n
= M/ v;Veu dS
WnT OB _r_(x0)

IZES)
(k+1)n
r

IA

HVO‘HLm(aBﬁ (20))

and for z € 0B, = (o) one has B_» () C By(zo) C U. Therefore the

k+1

induction hypothesis (2.15) implies

N (k+1)n 1 27 lnk
0,7 u(wo)| < = — | = lullrys . @)
Wn (mr) k7+17" s

= lullrs_, @)
k+1

(D" nk+1) 1 <2n+1n(k + 1)>k

r W, ™

lull L1 (B, (x0))

1 (2”+1n(/€ + 1))’“*1
T

T owprh

(for 0=k - k+1=1and v € IBz(x0) use 7 instead of kiﬂr in this
last step)

O

Theorem 27
If w is harmonic in U, then w is analytic in U.

Proof
Fix a ball Bg,(a) C U. Then we estimate the remainder for the Taylor series
for x € B,(a). The Lagrange estimate says (since u € C*>°(U))

R @ =u(w)— Y YDy gy =y VORI (e

]
. l
|a|<k—1 la|=Fk

for some 0 <t < 1. Assuming

r

|z —a] < il

(2.16)
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Lemma 26 yields

|z —al*

|Ra ! (x)] < sup [Vu(z)]

k! z€B,(a)
|z —alF 1 2t ink\ "
= k' wp(2r)n or el (o (wo))

2.16) 1 B\ 1
< klw,rm e 27””“”(3”“0))

1

wpr™

k
20

9k Ilu”Ll(BZr(mO))

where we used (%)% < k! (can be proven by induction or Stirling’s formula).
Therefore in an arbitrary point a € U the Taylor series converges uniformly in
a neighbourhood B__r__(a) of a. O

on+lep,

7.4 Green’s functions

We would like to solve

—Au=f inU (2.17)
u=g on OU (2.18)

for a general domain U, which here is assumed to be C! meaning it can be
locally represented by a C'' function.

The fundamental solution seems like a good choice, but by Green’s formula
see Homework for V. = U — B.(x), where B.(z) C U (to remove the singularity
of the fundamental solution)

/ u(y) AF(z — y) ~F(y — ) Au(z) de
Ve N————

- / w(y)y - VF(y — x) — F(y — 2)v - Vu(y) dS(y)
oV

for all uw € C? and

< Ce" ! max |F(z) =
0B:(0)

/ F(y —2)v - Vu(y) dS(y) 0
9B.(v)

Previously

/ uly)y - VE(y — ) dS(y) 2 ][ u(y) dS(y) — u(x)
OB (z) )

Be(z)
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Hence
ulz) = /8 Py =) Valy) = )y - VF(y ) dS(y)
- / Fly — 2)Au(y) dy
U

for all u € C?(U).

Now if u solves (2.17), (2.18) we almost have a solution formula but we do
not know v-Vu on 9U. The idea is to introduce a corrector function ¢®(y) that
solves

—Ap® =0 in U (2.19)
0" (y) =F(y — ) on U (2.20)

since this Green’s formula yields

- / " () Auly) dy = / u(y) Ag® (y) —¢" (4) Auly) dy
U U N—_——

- / w(y)y - Vo' (y) — ¢ (y) v- Vuly)dS(E)
oU S~

=F(y—z)
= / u(y)v - Vo' (y) — F(y — x)v - Vu(y) dS(y)
oU

and we can now express the final missing boundary term.

Definition 28
The function defined by

Gz, y) = Fly —z) — ¢"(y)
for all z,y € U with x # y is called Green’s function of U.

Lemma 29 (Green’s formula)
The Green’s function satisfies

u() = - /U G, y) Auly) dy — /a gy V,Gla)dst)  (221)

for all uw € C%(U) and if u € C?(U) solves

—Au=f inU
u=g on OU
then
uw) =~ [ Ga)fwds~ [ gl 9,6l ds()
U oU
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Remark 30
1. We have a solution formula!

2. But we need to find the corrector function ¢®, which can be hard but only
depends on the domain!

3. For fixed x € U the Green’s function G(z,y) solves
—AyG =6, inU
G=0 on oU

4. G is actually symmetric, i.e. G(x,y) = G(y,x) for all z # y.

Lecture 6 (January 21)
For simple geometries we can find ¢* based on a reflection idea.

Green’s function for the half space

Consider the half space U =R = {x € R" |z, > 0}.

We know that for x # y, the fundamental solution solves AF(y —x) = 0, so
(2.19) and it matches the boundary term we want, i.e. (2.20). The only problem
is the singularity, but we can "reflect” it outside the domain.

Define & = (z1,...,%n_1, —Zp), the reflection of z with respect to the bound-
ary OR!. Then for

(pz(y) = F(y - ‘i) = F(yl — Tl Yn—1 — Tn—1,Yn +xn)
we have

©"(y) = F(y — z) on JRY

due to symmetry in every component and Ap?®(y) = 0in R} since the singularity
is not in R}.
Therefore the Green’s function is given by

Glr,y)=Fly—a)—¢"(y) =Fly—=x) - Fly - 1)
and Green’s formula (2.21), i.e.
uw) =~ [ Gaiwiy- [ty V,Gle)ds)
R? aR™
yields a solution to the Poisson equation
~Au=f  inR!
u=g on ORY

Remark 31
Similarly one can find Green’s functions for stripes and cubes by (infinitely
often) repeated reflection. draw picture
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T

Green’s function for the unit ball
x
|z|?

For U = B;(0), similar to before, reflect on the boundary

then
¢ (y) = F(lz|(y — z7))
solves Ap”(y) = 0 in By(x) and ¢*(y) = F(y — x) since on 9B (x)
lyl=1
2P =22y + |y = |z -yl

2 (y = 2%)* = [aPly|* — 22 -y +1
Therefore the Green’s function is given by
Glz,y) = Fly—x) —¢"(y) = Fy — z) — F(|z[(y — 27))
and Green’s formula (2.21), i.e.
uo) == [ G- [ - v,660)dsw)
B1(0) dB1(0)
yields a solution to the Poisson equation
—Au=f in B1(0)
u=yg on 0B4(0)

r—a r—a
’
r

Remark 32
For an arbitrary ball B,.(a) one has
GBr(a) (.’L‘, y) = TQ_nGBﬁ(O) (

The existence of solutions via these Green’s functions is quite tedious, but
yields an explicit formula. Later we will see that solutions to the Poisson equa-

tion exist for a quite general class of f, g, U
Solutions to

—Au=0 in u

u=g on U
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P . T S

Figure 2.2: U = By \ By and g(r = 2) = 0, g(r = 4) = 4sin(50) taken from
Wikipedia - Laplace’s equation

look similar to minimal surfaces which satisfy

Vu

V14 |Vul?
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8 Heat equation

The (inhomogeneous if f # 0) heat equation is
ug — Au=f in U x (0, 00)

for some open U C R", where f(z,t) is given and wu(z,t) is the solution. It
models diffusion processes such as heat, chemical concentration and is connected
to Brownian motions.

8.1 Full space

Fundamental solution

We first want to consider U = R™ and f = 0 and construct solutions similar to
before. Note that for a solution u we can rescale it to v(z,t) = u(Az, \%t) and
for y = Az, 7 = A%t
vy — Av = ug(Az, At) — Agu(Ax, \2t) = ur(y, 7)A? — Ayu(y, 7)A\2
= XN(ur(y,7) — Ayu(y, 7)) = 0.

and if A = t% we get v(z,t) =u (t%, 1) = (t%) solve the heat equation.
Because it works quicker we want to look for a structure

1 z
u(x,t) = il (tiﬁ)
for a;, 8 > 0. Then defining y = t%
0=wu — Au

= —at ™y (%) +t7OV,v (t%) (=Bt P —tmov, (Vyv (t%) t—ﬂ)

= —at™* o (y) = Bty Vo (y) — AL (y)

To match the t prefactors set § = %, consistent with the previous rescaling,
then

1
O:av+§y~V’u+Av.
Since A is rotationally symmetric (Homework 1) assume v(y) = w(]yl|), then

1
O:av+§y-VU+Av
1

1 _
=aw+ gy Viylw +w" + nTw'

n—1,
w

_ 1 / "
=aw+ -rw +w’ +
2 r
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Let a = 3, then
1 -1
0= 2w+ —rw +w’ + —=u
2 2 r
1 n—1, /\/ 1 n /
= (r"w') + 5(7” w)
implying

1
(r”flw’)’ + i(r”w)' =0
and therefore

1
r" ! + §r”w =c

We want w and w to vanish at r — oo, therefore ¢ = 0 implying
, 1
w = —=rw

2
which is solved by

and

u(x,t) = %e T

Definition 33 (Fundamental Solution)
The function

(p(aj,t): me 4t lft>0
0 ift <o

is called the fundamental solution of the heat equation.
Remark 34
1. Note that there is a singularity in (0, 0).
2. The prefactor ensures [p, ¢(x,t)dz =1 for all t > 0.
3. By construction ¢; — Ap =0

Theorem 35 (Solution of the initial value problem)
Assume g € CP(R™), then u defined by

u(e, 1) = (1) * g(x) = / oz — 9, )g(y) dy

n

satisfies
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a) u € C®(R™ x (0,00))
b) u; — Au=10in R™ x (0, 00)

c lim  w(x,t) = g(xg) for all zp € R™
) 50 = 90 o all

Lecture 7 (January 28)
Proof
z 2
a) Let 0 > 0, then tn e~ is O on R” x [0, 00) with uniformly bounded
derivatives. Therefore we can swap integration and differentiation and
find that © € C*°(R" x (0, 00)).

b) Since we can swap integration and differentiation and ¢ solves the heat
equation and shifting by y leaves the equation unchanged (Homework 1)

i) = Bu(ae,t) = [ (o= Agp)(o— y.Olgly) dy =0
in R™ x (0, 00)
¢) Fix zg,e. Choose § > 0 such that
ly—xo| <6 = [g(y) —g(wo)| <e

If |z — zo| < 3, then

lu(z,t) — g(zo)|

/ (z—.) [g() — g(z0)] dy
/ [ ele = t)laly) gl dy

/ @ —y.8) g(y) — glxo)] dy
R™\Bs(z0)

J
< max |g(y) — g(ao) / oo — gt dy+J
yEBs(x0) n
=1
<e+J
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And

J < 2]l / oo —y,t)dy
R™\Bs(z0)

_lz—y)?

= Ct_%/ e” @ dy
R™\ Bs (z0)

e —al2
tfg/ efl 016ty‘ dy
R\ Bjs(z0o)

o 2
<Ct 2 / e o drr
5

IA*
Q

r o0 R
= C . P e dp
Vi

where in x we used

|lz—wo|<$ 5<|y—wol 1
ly —xo] < \y—xl+§ < Iy—x|+§|y—xo|

= |y —wol < 2]y — 2
Therefore for ¢ sufficiently small

|u(z,t) — g(x0)] < 2e.

O
Remark 36 (Interpretation of the fundamental solution)
Since
et —Ap =0
and

0
/ oz =y t)g(y) = g(x)
formally the fundamental solution solves

or—Ap=0 in R" x (0, 00)
=20 on R™ x {t =0}

Remark 37 (Infinite propagation speed)
Note that if g € CP(R™) and 0 # g > 0, then

1 _lz—y?
u(z,t) = W/ e 1 g(y)dy >0

for all z,t € R™ x (0,00). So information of g is being propagated to any = € R™
immediately.
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Inhomogeneous problem
For the inhomogeneous problem
—Au=f

note that by shifting (Homework 1) for fixed s

u(etis) = [ oo —ut=9)f(0) dy
solves
ur(+;8) — Au(;s) =0 in R™ x (s,00)
ug(38) = f(+,9) on R" x {t = s}

Think about an initial value where the initial value is f(-,s)ds If we integrate
in s over these initial values we find the solution. This is called Duhamel’s
principle.

Theorem 38
For f € C} (R™ x [0,00)) C? in space and C' in time + compactly supported
and

( ) L:O*wtf

/ / —y,t =) [y, s)dyds

=} e Lo o
one has
L. w,ut, Vu, Vi € CO(R™ x (0,00))
2wy — Au = f in R™ x (0, 00)
3. lim  wu(z,t) =0

(z,t)—(z0,0)
Proof

1. Similar to the Laplace equation at ¢ > 0 the integrand is smooth so we
can swap integration and differentiation and swap the integration variables
such that

t
drula, ) = / / oy, ) fole — gyt — ) dy ds + / oy, t)f (@ — y,0) dy
0 n n
eC°
and similar V, V2.
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2. Calculate
Uy — AU*/ / (y,8)[(0r — Az) f(x —y,t — s)] dyds
+ [ el0f@=y.0)dy

_/Og/n (p(y75) [(8t—A3:)f(x—y7t_5)] dyds
+/ /n e(y,8) [(=0s — Ay) f(z —y,t — )] dyds
+/n ey, 1) f(z —y,0)dy

=IL.+J.+ K. (2.22)
One has

<oflo=+191i) [ [ plwsjayds<ec (223)

and integrating by parts

J—//n 8y — A)p(y, 5)] £z —y,t — 5) dy ds

+ [ eyt -ady
- [ et se - v.0)dy

= / e(y,e)f(x —yt—e)dy — K (2.24)
Therefore

u — Au (2.22),(2:24) lim (Is +/ o(y,e)flx —y,t —¢) dy)

e—0

flz,)
where in * one can do exactly the same calculations in Theorem 35 c).
O

(2.23) %

Remark 39
Combining the two previous theorems

u(x, )_@*mtf+¢*xg

/ st / e 575 £y, 5) dy ds
/ _le—yl? u\z y)dy
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solves
ug — Au=f in R™ x (0,1)
u=g on R" x {t =0}

where *,; means convolution in space and time and *, means convolution in
space and = means in the limit ¢ — 0 as in in Theorem 35 c).

Lecture 8 (February 02)

8.2 Bounded domains

Here we will always assume U to be bounded

Definition 40
Fix T > 0.

1. The parabolic cylinder is

Ur=U x (O,T]

2. The parabolic boundary is

0,Ur = Ur \ Ur

Remark 41
Note that the "top” U x {t = T} is included in the parabolic cylinder, and
excluded from the parabolic boundary.

Definition 42
For fixed x € R™, t € R, r > 0 the heat ball is defined by

E.(z,t) = {(y,s) e R*H!

1
s<t, @(x—y,t—S)zr—n :

Note that the heat ball E,(x,t) is in the past of (z,1).
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5
_s

® (4"b’|)( 2)E’|X\2/(4|y\)20.253{y<0}

2

Figure 2.3: Heat ball for x = 0,t = 0,7 = 0.25 in n = 3 done in desmos

Mean value property

Theorem 43 (Mean value property)
Let u € C3(Ur) solve

ur — Au =0

u(z,t) // u(y, s — ylz dyds
e t o)

for each E.(z,t) C Ur.

Proof
W.lo.g assume z = 0, t = 0, u smooth (after potential mollification). Define

2
Y
_r"// ||2dyds

_ET(O 0)

2
(y,8) = (rz,r*1) — // u(rz, 77) |dzd7-
By

then

Then
|22

= / (Vyuy(r2,7°7) - 2 + us(rz, r27')27"7') dzdr
E1

v W 4ya 2 |y|2 dyd
7’"+1 LY vuly, s)” 5 dyds + =5 us(y, s yds

_A B
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SO
Introduce

1
P =log (o(y,—s)) +logr™ =log | ——xe % | + logr™
(—4ms)

2
= —g log(—4ms) + % + nlogr,
then
1
Vi = oy, (2.25)
Wy = -2 — Iyl
® 2s 482

and since 0F, = {(y,s)|s <0, ¢(y,—s) =r~"} we have

Y]og, =0

by construction. Therefore

1 |2|?
B= Qu4(y, s) 2
rn+1 /LT Us (y 5) s dde
- // Ve dyd
= . UgY yds

int by parts 4 4
yparts st dyds — —— -V, dyd
rnﬂ//ErumﬁyS 7"”“//Erwy Vus dyds

where the boundary integrals vanish since ¢ = 0 on JFE,. Now integrate by
parts with respect to time

4 4
b= _T71,+1 // U’Snw dde + i /E wsy . Vudyds

4 4 n
= ey //E usn dyds — s //E 2—8y - Vu dyds
2

4 |yl
- WL Vudyd
7’”“//Er4szy Vu dyds
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So

aS)
\

4 4 n
/
(T) - 7,rn+1 /\/E, USTMZJ dyds - 7”"+1 //E, %y -Vu dyds
us—Au=0 4 A dud 4 n Vudud
= e . uniy dyds — Ty . 27sy u dyds
i 4 4 n
= m//E nVu - Vy dyds — T"H//ET %y-Vudyds

T

4 n
= / . (Vﬂm — %y> - Vudyds

(2:25)

bS]
S

0

Therefore o(r) is constant and

2
p(r) = lim p(r) = lim — // u(y, s ‘ | dyds (2.26)
r—0 r—0 rn

= 4u(0,0)

* can be seen by computing

2 2
i |y| duds = |Z| dzdr = spherical coordinates _ 4
- 82 Y 72 B
E, E,

0 (2.26) is a weighted average integral with weight ‘Z—f O
Remark 44

1. In the mean value property the right-hand side only depends on previous
times, which is consistent with causality, i.e. it should not depend on the
future.

2. It is a weighted average integral.

3. Similar to the laplace equation for u(¢,2) < ”mean value” is a subsolution
subsolutions and one can prove that for u € C?(Ur)

u(x,t) < 7mean value” VE,(z,t) C Ur = ug — Au < 0.

4. Similar supersolutions
u(x,t) > ?mean value” VE,.(x,t) C Ur & u; — Au > 0.

and strict inequality implies strict inequality
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Maximum principle

Theorem 45
Assume U C R"™ is open, T € (0,00] and u € CZ(Ur).

1. If uy — Au < 0 on Up, then u has no local maximum in Ur.

2. If U is bounded, u; — Au < 0 on Uz, and u € C°(U N §,U7), then

u < sup in Up
dpUr

remember 0,Ur is the parabolic boundary ©Q x {t = 0} U 9U x (0,T).
(draw picture!)

3. Assume U is bounded and connected. If u solves u; — Au < 0 on Ur and

reaches M = supy,. u < oo at (7,y) € Ur, then u = M in all of (0,7] x U.

Sketch of Proof

1. Homework

2. Homework

3.

e First show there are line segments going back in time on which u is

constant:

Let Ly C Ur be a line segment from (y,7) to (t1,21) € Up. Let
(z,t) € LiN{u=M}> (y,7) (so L1 N{u = M} # &) be such that ¢
is minimal (going further down the line u < AM'). Then for 0 < r <« 1,
by the mean value property

2
M = u(z,t) < 1 / u(s, z) |z~ 7] dzds

E,(z,t) (t - 8)2

_m
1 |z — z|?

_— dzds = M
4 g oy (=52

Therefore equality holds and by continuity u(s, z) = M for all (s, z) €
E,.(z,t). But E.(x,t) is in the past showing that « = M for previous
times, a contradiction to ¢ being minimal, so Ly N {u = M} = L;
and t = t; and u(z1,t1) = M.

Since the slope of the boundary of the heat ball in (x,t) is 0, i.e. it is

flat draw heat ball!, we can reach any (z1,t1) from (y,7) if the line
from x7 to y is in U.

Any (t4,z4) € U; can be reach by adding finitely many of those line
segments, i.e. from (y,7) — (t1,21) = (to,z2) — -+ = (ts, T4),
where t, =t < -+ < t; < 7 draw polygon!

e Sou=M in U x (0,7) and by continuity in U x (0, 7].
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Remark 46

There are solutions such that v = 0 in U, but u(z,t) > 0 for ¢ > 7. Interpre-

tation: switch on heating on the boundary.

Remark 47
Similar to before

1. Minimum principles

Use maximum principle for —u.

2. Comparison principle

U bounded,
ur — Au < v — Av
u<v
implies
u<v in Up

3. Uniqueness of solutions

Lecture 9 (February 04)

in UT
on OpUr

If U is bounded, there exists at most one solution v € C?(Ur) N C°(Ur U

0pUr) to the initial boundary value problem

ur — Au=f in Up (2.27)
u(+,0) = ug on U
u=g on (OU)r (2.28)
for given f,ug,g.
4. sup estimates
For solutions of (2.27)-(2.28)
sup |u| < max {sup |ugl, sup |g|} + Tsup |f] (2.29)
Ur U (oU)r Ur

R2
sup |u| < max < sup |ugl, sup |g| p + —
Ur U OU)r 2n

up|f| if U C Bgr(zo) (2.30)
Ur

(2.29) stricter if T is small, (2.30) stricter if U is small or T = oo

Sketch of Proof Apply max/min principle to w(z,t) = u(x,t) Ftsupy,. | f]

and w(z,t) = u(z,t) + \a;—2¢|2 supy,. |f|

n
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5. Continuous dependence
Apply 4 to uy — us.
6. For U = R" one needs additional growth conditions.

Suppose u € CZ(R™ x (0,7]) N C°(R™ x [0, T]) solves

ur —Au =10 in R® x (0,7)
u(-,0) =g on R"

and satisfies
u(z,t) < AeDlal®
for all (x,t) € R™ x [0,T], then

sup u =supg
R"x[0,T] R™

7. The growth conditions is crucial for the full R™.
There are solutions to
u —Au =0 in R" x (0,7)
u(-,0) =0 on R”

with u(z,t) # 0 for (x,t) € Up. These solutions grow rapidely at |z| — oo.

Sketch of Proof
(a) ¢ solves p; — Ap = 0 on R**1\ {0,0}.

(b) Power series in 1d
en=1U=Rand

00 2k
u(z,t) = Z h(k)(t)% h®) = kth derivative of h
k=0

with h € C*(R).

()
o If h(%g? P20 locally uniform in time faster than exponential

we can swap differentiation and sum. Then

2k

A P NGO
T\ & (2k)!
2k
— (k1) X _
kgh @y~

e h(t) = et gives u(x,t) = e coshx which is fine

22(k—1)

" ey

k=1
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e but

h(t) = e t>0
0 t<0

gives C'* solution on (—00,00) x R and u = 0 on (—00,0] x R

but u # 0 everywhere in (0,00) x R.

8.3 Further Concepts
Energy Methods

We can show many aspects via energy methods which is a

O

much more general

concept than what we have seen here. The idea is to introduce an energy

and showing that this is bounded or dissipated. We will
uniqueness solutions.

Lemma 48

shortly reprove the

If U is bounded, there exists at most one solution u € C3(Ur) N C®(Ur Ud,Ur)

to the initial boundary value problem

up — Au = f in Ur
u(+,0) = uo on U
u=g on (OU)p

for given f,ug,g.

Proof
Assume v and @ solve (2.31)-(2.32), then w = u — @ solves

wy — Aw =0 in Ur
w(-,0) =0 on U
w=0 on (OU)r

Then the energy
1
E(t) = 7/ lw|?(z,t) dz
2 Ju

satisfies

iE(t):/wwtdx:/wAwdx:/ w n-VwdS(z
dt U U Clian

:—/ |Vw|? dz <0
U

Therefore

(2.31)

(2.32)

)—/Vw~dex
U

/ w2z, £) = B(t) < B(0) = / w[2(z,0) dz = 0
U U

So w = 0 a.e. and by continuity w = 0.
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Fourier Methods

Consider U either a periodic domain (which is often done to remove any bound-
ary effects) or the full space. If u is sufficiently smooth and integrable and
solves

uy — Au =0
then Fourier transforming in space
0= — Au=(t,€) - (i€ -i€)at, €) = in(t, ) + ¢ a(t, &)
For any ¢ € R™ this is an ode in time
iy = —[g[*a(t, €)
solved by
alt, €) = a(0,&)e e,

where 4(0,¢) is the Fourier transform of the initial data. So high wave num-
bers/frequencies (in space) are exponentially damped in time leading to smooth
(and analytic) solutions.

In contrast the backwards heat equation

ug +Au =0

is ill-posed and even analytic initial data can lead to singular solutions in finite
time. Similar to before it heuristically solved by

a(t, €) = (0, €)els.
Lecture 10 (February 09)

9 Wave Equation
The wave equation is given by

uge — Au =20
where again u = u(x,t).

9.1 One dimension, Unbounded

In the homework we constructed the solution for the full space n = 1 dimensions.

Theorem 49
Assume ug € C?(R), vg € C*(R), then the following are equivalent
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e d’Alambert’s formula

1 1 x+t
e ) = 5w+ + w0 —0) +3 [ wolw)dy
r—t
holds in R x [0, c0).
e uc C?R x [0,00)) solves

Upp — Ugy = 0 in R x (0, 00)
ult=0 = ug on R
Ut |t=0 = o on R

Remark 50
1. Proof in homework.

2. ug € C*, vy € C*~1 implies u € C*, so no regularity gain as in the heat
equation or laplace equation.

3. speed of propagation is 1, for uy — c>ugze = 0 the speed is ¢ by rescaling.

Half Space
Consider ug € C%(Ry),vo € C(R,) with ug(0) = vo(0) = 0 and u solves

Ut — Ugy = 0 in Ry x (0,00)
Ult=0 = uo on R,
Utlt=0 = vo on R,
u=0 on {x =0} x (0,00)

Then we can reflect/define

o (z) = {T::)_x) Z i g (2.33)
0
0

which solves

Tyt — Tpy = 0 in R\ {0} x (0, 00)
’a‘t:o = 1~LQ on R

ﬂt‘t:o = 170 on R
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Note that we choose it so that the slopes match. @ actually solves iy — Uy, = 0
everywhere in a weak sense. Applying d’Alambert’s formula

1 x4+t

iz, t) = %(ao(:c+t)+ao(x—t)) +§/_t to(y) dy

which for u implies

u(z,t) = {

Note that u € C! since uy(0) = v9(0) = 0 and the slopes match, but In order
to have u € C? and to have a classical solution we additionally need u{(0) = 0
so that (2.33) is actually a second order approximation

(uo(z+t) +ug(z —t)) + 3 ijtt voly)dy f0<t<z

X

(uo(z+1t) —ug(t —z)) + 3 ff_—': voly)dy f0o<z<t

(2.34)

N[ N[

9.2 Multiple dimensions

We construct the solutions by spherical means. The construction is quite lengthy
and technical so just outline the ideas.
Let m,n > 2 and u € C™(R"™ x [0,00)) solve

uy — Au =0 in R™ x (0, 00)
Uli=0 = ug on R"
ut|t:0 = Vo on R"

and introduce
aert) = ult)dS(),
OB, (x)
o (,7) = ][ wo(y) dS(y),
OB, (x)

To(x,7) = ][aBT(a;) vo(y) dS(y).

Lemma 51 (Euler-Poisson-Darboux equation)
Then @ € C™ (R4 x [0,00)) solves

_ _ n—1_ .

Ut — Upp — U, =0 in Ry x (0, 00)
Ult=0 = To on R4
ﬁt|t:0 = on R4

Remark 52
1. Remember §2 + 2=19, is the radial part of A

2. We switched from an n + 1 dimensional problem to a slightly more com-
plicated 2 dimensional problem
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Proof
As for the mean value formula of the laplacian, (2.11),

1 ‘s
ap(a,ryt) = — / / Auly, 1) dS(y) dp
nw, 1 Jo Jop, (2)
N - J P

T19B.]
Then by product rule
o (2,7 1) ”_1/ Auly, £) dy + — / Auly, ) dS(y)
Uprr\ T, T, = - uly, Y 1 uly, Yy
nw, r" OB, (z) nwy, " 1 OB,.(x)
n e ) 4 —— / Auly + z,t) dS(y)
= — ur(z, T, _— U z,
nwar™ 1 Jop, (0) Y Y
——n_lﬂ(xrt)—f—;/ ue (y, 1) dS(y)
= r r s Iy nwnrn_l aBT(w) tt y7 y
n—1

= — Up(, 7, t) + U (x, 7, 1)
r

O
n=3
Rescale
a(x,r,t) = ra(z,rt)
w(x,r) = ru(x,r)
u(z,r) = ru(z,r)
then
Gt — Tipy = 0 in R x (0,00)
ﬂ|t:0 = ’L~L0 on ]R+
th|t:0 = ’LN)O on ]R_;'_
=0 on {r =0} x (0,00)
since

- _ _ _ _ n _ _ _ -
021 = Op(u + riiy) = 2ty + Ty =7 < —r + Urr) = Pl = Gy

which is the half-space problem we solved earlier. Therefore, for 0 < r < t by
(2.34)

r—+t
a(x,r,t) = = (do(z,r +t) — Uo(x,t — 1)) + l/t Vo(x,y) dy

1
2 2/,
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What does this mean for our original solution u? Note that as the spherical
average

u(z,t) = lim u(y,t) dS(y) = lim a(z,r,t) = lim a(z,r,t) _

r—0 9B, (z) r—0 r—0 r

= atﬂo(x, t) + ’Ljo(.f, t)

=0, (t]éBt(m) uo(y) dS(y)> + t]égt(@ vo(y) dS(y) (2.35)

=47 —>=][ uo(y) + tvo(y) dS(y)‘f‘tat][ uo(w + tz) dS(2)
t OB, () 9B1(0)

=F z-Vug(z+tz)

—f ww e asw +tf LT Tuly) ds()
OB (z) OB (z)

_ ]ég o)+ t00y) + (=) Vo) dS(y (2.36)

Corollary 53 (Kirchhoff’s formula)
(2.36) solves

upe — Au =0 in R? x (0, 00)
Uli=0 = ug on R3
ut|t:0 = Vo on RS

Lecture 11 (February 11)

n=2

Theorem 54 (Poisson’s formula)

1 tuo(y) + t*vo(y) +ty — ) - Vuo(y
u(x,t)zﬁ][ ) = ( 2) ( )dy
B(a.t) VEE—ly—a?
solves
uy — Au =0 in R? x (0, 00)
ult=0 = up on R?
Utli=0 = Vo on R?

The Euler-Poisson Darboux equations can not be solved the same way. In-
stead we just regard the 2d problem in 3d, called the method of descent.
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Sketch of Proof
Define

ﬂ(xl,l'% (E3,t) = ’U,(ZL'l, x?at)7
ﬂ0(5317$2, Q?g,t) = Uo(llil,xQ,t),

Oo(z1, 22, x3,t) = vo(21,22,1),

which are just constant in x3. Then

Uy — AL =0 in R3 x (0, 00)
ﬁlt:Q = ’&0 on R3
Tig|—0 = Do on R3

and therefore with » € R? and 2 = (71, 22,0) € R3

u(z, t) = 4(,t)

220 (1) dS io(y) dS
2 5, (%M o) dS(y’)*’fJ[agt@) () dS(y)

where B, (%) is the R3 ball centered around 2 and dS the corresponding measure
of OB (). Note that

A 1 ~
t vo(y) dS(y :t—/ vo(y) dS(y
Foyy o0 450 =t [ o) aStw

2 o) VTE VAP di,

- 47Tt2 Bi(z

t
— 5wV dy,
Bi(z)

—~

where y(y) = /1?2 — |y — z|? is the parametrization of the sphere. 2 because of
2 hemispheres. Now

. y—m2_ t
LIVl = \/H'V(y) /ey -

Combining this yields

1 t2
u(ﬂ?,t):ﬁ(i',t):...+f][ L(y)dy
Bi(z) V2 — |y — z|?

The other term works in the same fashion. O
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odd dimensions

Theorem 55 s »
Assume n > 3 is odd, ug € C*2 (R") , vg € C*= (R"), then

3,5 (18t> (tn2][ (%) dS)
t OB, (x)
1\

+ <8t> <tn2][ Vo dS) ]
t 8B, (x)

€ C*(R™ x [0,00))

n

u(z,t) = )

where n!l =n - (n—2)...3-1is C? and solves
uy —Au =0 in R™ x (0, 00)
uli=0 = ug on R"
utltZO = Vo on R"

even dimensions

Theorem 56 » »
Assume n > 2 is even, ug € C*2 (R") , vo € C*2 (R"), then

1 1 2 Uo
() = o, (Lo t"][ e
(@,1) n!![t<t t> ( B.(z) /12 — |y — z|? y)

1 % Vo
+ a) t"]l S
(t t ( Bu(a) /12—y — a[? yﬂ

€ C2(R" x [0, 00))

where nll =n-(n—2)...4-2 and solves
Uy — Au=0 in R™ x (0, 00)
u|t:0 = Up on R"
ut|t—0 = vo on R"

Huygens’ principle

For even dimension n > 2, the solution is an integral over the Ball B;(z), so
data ug(zg) will affect u in some point (x1,t) for all sufficiently large times.

An infinitely stretched drum membrane (modeled by the wave equation) in
2d will oscillate for all times.

In contrast in odd dimensions n > 3, the solution is an integral over the
boundary of the ball 9B;(x), so that up(xo) will only affect the solution u in
(z1,t) at one moment of time. So there is a wavefront.

An flash of light or a sonic boom in 3d propagates only on a shell /wave front.
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Finite speed of propagation

The formula show that the speed of propagation is 1 and a point is only influ-
enced by the backward wave cone and only influences the forwards wave cone.
draw picture

This is strongly related to the light cone in general relativity.

9.3 Bounded Domains

As we saw in the 1d half space problem, solutions of the wave equation tend to
be reflected on the boundary. This makes it tedious to study explicitly. What
we can do is energy methods.

Theorem 57 (Uniqueness)
Let U C R™ be bounded with smooth boundary. There exists at most one
solution u € C%(Ur) N C°(Ur) of

upy — Au = f inU x (0,7)
u=g on OU x (0,7T)
Ule=0 = Up on U
Utle=0 = Vo on U
Proof
In homework. U
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Chapter 3

Sobolev Spaces

The classical notion of a solution is too restrictive (e.g. sub/super solutions us-
ing mean value properties, fundamental solution of heat/laplace equation, the
wave equation on the half space, ...). It is sometimes not even possible to find
solutions to PDE since they themselves develop points of non-differentiability.

Why weak derivatives?
1. PDEs can be explained even for irregular data

(a) Au = f can make sense even if f has jump discontinuities.

(b) More importantly the have much better functional analytic properties
which we will exploit to prove existence of solutions.

Idea
Integration by parts yields

op ou
/Uuaxidxf /Uaxigod:v

for U € R™ open, u,p € C1(U) if either u or ¢ has compact support.
The left-hand side makes sense even if v € L', ¢ € C' and the right hand
side if 9% € L', ¢ € C.

10 Weak Derivatives

10.1 Integrable functions as derivatives

Definition 58 (weak derivatives)
Consider U C R™ is open, i € {1,2,...,n}, a € Ny

50



e For u,v € L} (U), v is the weak i-th partial derivative of u on U, written

v = 0;u weak on U” if it holds

/u O dx = —/vgpdw
U 8‘%1
~—~

classical derivative

for all ¢ € D(U) = C(U), the space of test functions.

e Similarly v = 0%u is the weak a-th partial derivative of u on U if

ololy
u dx = (—1)‘“'/ vp dx
v Oze U
for all ¢ € D.
e For vector valued functions u,v € L'(U;RY) the definition is component
wise
0% = & ouf =% Vke{l,...,n}.
Example 59

In n =1 dimensions u(z) = |x| has the weak derivative v(z) = sign(z) on all of
R.
Assume suppy C (—M, M), then

/R|x\<p’(m) dx = —/OMaxp’(x) dx—|—/0Ma:<p’(x) dx
= —zp@lano + [ OM ¥ p(a) da

M
— z()]s=0 7/0 () dx

_ (/OM(_W(:E) de + /OM 1p(z) da:>
_ /}R sign(z) o(x) do

Lecture 12 (February 23)
Remark 60

1. Uniqueness

A weak derivative, if it exists is uniquely defined up to a set of measure
Z€ero.
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Proof
Assume v,0 € L{, _(U) satisfy

for all ¢ € D. Then

/(v—ﬁ)godx =0
for all ¢ € D, hence v — v =0 a.e. O

2. Linearity

For 0%u = v, 0“4 = ¥ one has 0%(u + ra) = v+ ro for all r € R.

3. Classical derivatives are weak derivatives

ou

If % exists for all z € U, then Qju = -

ness.

. By construction and unique-

4. For n > 2 one can even have isolated singularities.
If gT“fi exists only on U \ {a} and u, 2+ € CO(U \ {a}) and u, % €L}

? Oz loc>
then u is weakly differentiable on all of U, with d;u = %. Proof by
Fubini and then integration by parts in x;.

This is the case for u(z) = |z|® with s > 1 —n. For 1 —n < s <0, this is
unbounded at 0 but weakly differentiable on all of R™.

5. Even weaker if

e — Ais relatively closed in U (that means closed in the topology of
U. For example if U = (0,1), then A = (0, 1] is relatively closed
in U.) with H""1(A) =0 or

— H" Y(p(A)) = 0 where p(z) = (@1,...,%i—1,Tiy1,-..,Tpn) SO
along the z; direction the set looks like it has measure 0
and g—; exists on U \ A with u, g—i e CO(U\A)NLL.(U) or

e Aisan (n—1) dimensional submanifold of U and g—; exists on U\ A

with % e CO(U \ A) N L}, (U) and u € CO(U)

loc
then the weak derivative exists on U, and 0;u = % on U.

6. If the singularity is even larger, the weak derivative does not exist as a
L}, . function. For example u = I with C! domain G € U or u(z) = |z|*
with s <1 —n.

52



10.2 Measures as derivatives

Remark/Definition 61 (Measures)

e A non-negative Radon measure y on U is a locally finite measure on the
Borel-g-algebra B(U) of U, i.e. a o-additive mapping p : B(U) — [0, co]
with p(K) < oo for all compact K C U. Radon measures satisfy

p(A) =sup {u(K)| K C A, K is compact in U}
=inf{u(0)|A C O,0 is open in U}

for all A € B(U).

e A signed Radon measure p on U is the difference of non-negative Radon
measures p1, pio on U. p(A) = pu1(A) — pa(A) € [—o0, 0o] whenever i (A)
or fi2(A) are not both co. Therefore at least for all A € B(U) with A € U.
One identifies M1 — K2 with ﬂl — [1,2 if M1 (A) — U2 (A) = [1,1 (A) — [Lg (A) for
all Ae B(U) with Ae€U.

The integral [, fdu = [, fdur — [, fdpz € R is at least defined for
measurable A C U and f € L'(A;p1 + p2). The space of signed Radon
measures on U is RMj..(U).

b = i1 — peo is not unique but there exists the Jordan decomposition
i = pi4 — p4— into non-negative Radon measures pi4, p— on U that satisfy
there exist Borel set N, P C U with U = PUN, PN N =@ and p = pu4
on Pand t=—pu_ on N.

Definition 62 (Measures as derivatives)

Let U C R™ be open, a € Nj. A signed Radon measure p on U is the weak
a-th partial derivative or a-th measure derivative of u € L{ (U) on U, written
0% = pu weak on U” if

olaly
u
U &TO‘

dz = (—1) /deu

holds for all ¢ € C°(U).
The space of all u € LL _(U) such that 9%u for |a| < m exists weakly

loc
as signed Radon measures is denoted by BV, (U). Specifically, BV (U) =
BV, (U) is known as the space of functions of locally bounded variation.
Remark 63

1. Weighted Lebesgue measures are signed Radon measures, i.e. vL" €
RMoc(U) with weight v € L (U). They are given by

loc
vL™(A) = / v(x)dz
A
forall Ae B(U) with A€ U.
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2. One has the following characterization

v = 0%u exists weakly in Li. . (U)
=

= 0% exists weakly in RMjo.(U) and is a weighted Lebesgue measure
and then p = v L™

3. Already for n = 1 dimensions derivative measures are more general than
weighted Lebesgue measures. For example 9,sign(z) = 2dp.

4. Again they are unique (in the equivalence class of signed Radon measures)
and linear

Even measures are not enough!

10.3 Distributions as derivatives

Definition 64 (Distribution)
A distribution (or generalized function) 7" on open U C R™ is a continuous
linear functional

T:CX(U)—=R,  o==(T,0)(=T(p))

on the space of test function C'°(U).

D(U) := C*(U) and the space of distributions on U is denoted by D*(U)
or (C)*(U).

For every distribution T' € D*(U) one defines the distributional derivative
0°T € D*(U) by

ole
9°T, o) = (=)l {17, ——
@ T.0) = (1" (1.5 00)
Remark 65
1. Continuity is to be understood in the following rather weak sense

@r, sequence in C2°,p € C°

k—o0 . .
Va € Njj : 0%y — 0%p uniformly in U k00
’ = T(pr) = T(p)

o
U supp o €U
k=1

2. f e LL.(U) is identified with Ty € D*(U) given by

loc
(Ty, 0) =/ fodx
U
for all ¢ € D(U).
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3.

11

1 € RMioc(U) is identified with T, € D*(U) given by

(Tys ) =/U<pdu

for all ¢ € D(U).

. Every Llloc function, every signed Radon measure, and every distribution

may be differentiated and their derivatives always exist (at least) as a
distribution.

Lecture 13 (February 25)

For every distribution
9%(0°T) = 0°TPT = 9°(6°T)

since 9°9% ¢ = 989 .

Similarly 0% f = 9P9° f for f € Li . and 9°0°u = 0°90%u for f € RMjoc
if these derivatives exist.

Note that 0%9° f € Ll ./RMj. does not imply 8% f € LL /RMjoc. This

loc

can be seen in by u(x1,z2) = f(x1) + g(x2), since then 9;0:u = 0 but f, g
might not be weakly differentiable in L!.

Properties of Derivatives

Theorem 66 (Mollification commutes with differentiation)
For U C R™ open, u € L (U), a € Ni. If 9®u exists weakly, then

in Us.
Proof

loc

o
0w = 2 (uy)

~ Oao

(0°). (x) = /U O uly)ne(x — y) dy

||
def weak der - = (—1)|°“ / U(y)Lna(w —y)dy
U dy>

glel
—/UU(y)%ns(w—y)dy

lal
= ngY/UU(y)ne(x —y)dy
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Works similarly for measures and distributions with p.(z) = 7. * u(x) =
Joyne(z —y) du(y), Te(x) = (T, n-(z — -)), but a bit justification for the step for
distributions needed.

Corollary 67 (Constancy)
Ifue Ll (R") and forall i =1,...,n d;u =0 on U C R", then u is constant
inU.

Proof

Let € > 0. Since 0 = d;u we have 0 = (J;u). and by the previous theorem
0= (0u). = %(ug). Therefore u. is locally constant on U, and since u. — u
a.e. (Homework Q1.4) u is constant a.e. in U,. O

Theorem 68 (Equivalence of weak and strong derivatives)
For U C R™ open, u,v € L _(U), a € NI

l—o0

3 sequence u; € C*°(U) with
0% = v weak & oo
w = w, 0%y = wvin L (U)

(Convergence in L (U) means lim;_, o [|u; — u| 1 (x) =0 for all K € U.)

Proof

7 =" Mollification: Choose compact K; C Ko C ... with U2, K; =U, ¢, = 0
and set u; = (L, u)e,. Then for K € U

I>1 HW Q1.4
lur =l prrey = ey —wllprerey = 77 0
and
8‘“' >1 3‘“' Theorem 66
—u; — v = || =—u, —v = 0%u),, — v
‘ 8330‘ Ll(K) 8$a et Ll(K) ||( )61 ||L1(K)
HW Q1.4
= [Jve, —UHLl(K) IS 0
7 «<=" For ¢ € D compute
olel glel olel
/ w2 gz ¥ ORI iy [ L gy = (=1)lel 1lim l pdx
U ox® l—oo Jur or® l—oo Jir oxr®
U
i.e 0% = v weakly.
O
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Remark 69

1. The right-hand side of Theorem 68 is an alternate definition of weak
derivatives

2. Before the wide use of mollification only <= was known and the right-
hand side was called a strong derivatives.

3. There is a famous paper titled "H=W” (Meyers and Serrin 1964) that
showed = .

4. Since convergence in the norm implies the existence of an almost every-
where converging subsequence we can assume a.e. convergence on the
right-hand side.

5. The same theorem holds in L{ . for p < co. If p = oo the convergence is
a.e. and the sequence is locally uniformly bounded but we do not have
L°° convergence.

6. Instead of u; € C° it is enough that 8(;2;” € C% for all 5 < a.

7. Instead of the L . convergence it is enough if u; — u and 8‘;11“ — v in
the (much weaker) sense of distributions to have 0%u = v in the sense of

distributions.

8. This theorem is crucial in establishing calculus rules for weak derivatives.
The idea is to use the rules for smooth functions and take the limit. The
assumptions need to be checked though!

11.1 Product rule and chain rule

Theorem 70 (Product Rule)

For U C R™ open, u,v € L{., (U), i € 1,...,n if du,0;v € Li _ exist and there
exists 1 < p,q < oo with % + % = 1 such that u,d;u € L} . and v,0;v € L,
then

0i(uv) = vd;u + ud;v

Proof
First 1 < p,qg < o0
By Theorem 68 + remark there exists u;,v; € C°° such that u; — u Qui _y o,

’ 611
in LP . and v; — v, % — v in L . Therefore for K € U

loc? loc*

||ulvl — u’UHLl(K) < Hulvl — U’Ul”Ll(K) + ||uvl — U’UHLI(K)
Holder
< - uHLP(K) ||Uz||Lq(K) + ”uHLP(K) vy — vHL‘J(K)
—_—— — — —_——T——

—0 vl La k) <oo <oo —0

—0 (3.1)
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and

0 8ul 81}1 Q
%(Ul”l) = ach” + “laTci = (Giu)v + u(G;v)
in L] .. Where Q works exactly as (3.1) for each summand. Therefore Theorem
68 yields 0;(uv) = vOu + ud;v.

For p = 1,q = oo We don’t have v; — v in L. but merely a.e. and for

given K € U uniform bound M. Then we have the similar

Hulvl — U’UHLl(K) < ||ulvl — UUZHLl(K) + ||uvl — UUHLl(K)

Holder
" ot — ull iy ol i) + / fulfor — o] de

K
—0 <M<oo <2M|u|€L(K)

Therefore dominated convergence allows us to pass to the limit and implies

/ |u| Jup —v] = 0.
K ~——
—0 a.e.

Similar for the actual derivatives. O

Theorem 71 (Chain Rule)
For U C R"™ open, u € LY(U,RY), Vu € L*(U,R¥*") and globally Lipschitz
g € CHRN RM) one has g(u(:)) € LY(U,RM),V,g(u(x)) € L (U, RM*") and

N
0u,0(u()) = 3 22 (415,

i=1
fora.e. x € U and j =1,...,n or as matrix

Vag(u(z)) = Vug(u(z)) Vou.

M xn MxN NXxn

Lecture 14 (March 02)

Proof
Idea: First show that everything is sufficiently regular, get sequence for u, then
show that this sequence converges to the right thing.

Forx e U

lg(u(z))| < lg(u(z)) — g(0)| + |g(0)| < (Lipg) |u(z)[+  |g(0)]
<c €L, SCE\LXSLI

loc loc

showing g(u) € LL (U, RM).
Since Vg € CH(RY RM) and |u(x)| < oo a.e. we have

Vaug(u(z)) € LU, RM*N),
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and therefore
[Vug(u(-))Veu()lloe @y < [Vugu()) |z IVeul )z @) < oo
implying
Vug(u(®))Vau € Lig. (V).

concluding the regularity estimates.
By Theorem 68 + Remark we can approximate u by u; such that

w —u, Vu, — Vuin Li . (3.2)
and a.e. in U. Then for K € U
lg(ui(-)) = g(u(- )Ly < Lipg)llwr — ullprxy — 0

showing g(u;) — g(u) in LL (U, RM). And we can calculate

loc

—0€eL}

loc

by (3.2)

N
SN gme (@) o

i=1 a.e.—u,
co uniformly bounded erl

loc
N 9
_ — i (z)d, ul
dom conv = — ;:1 auig(u(x))axj“ (#)0x;u
in L

loc

(U). Therefore Theorem 68 yields

Ny _
0u, (g(u(@))) = 3 5 g(ul@))0, v (o)

11.2 Definition of Sobolev Spaces

Definition 72
Let U C R™ be open, m € Ny, p € [1, o0]
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The Sobolev W™P(U)-norm is defined by

(Zla\<m Jur 10%ul? dz) T ifp<oo

MAX| o[ < €88 SUPy [0V ul if p=oc

HUHW’"’P(U) =

. The Sobolev space W™ P is defined by

Wmr(U,RN) = {u € L, (URN) | |Jullym.r@) < oo}
The subspace W™ of functions with zero boundary values is the closure
of D(U,R™) with respect to

L] || . me,p lfp < o0

e the convergence 0%uj — 0%u uniformly in U for |a| < m L™ a.e. and
uniformly bounded in U for |a] = m if p =00

The localized Sobolev space is

WP (U,RY) = {u € Li,o(U,RY) |uly € W™P(V,RY) for all V € U}

loc

Remark 73 ((Functional Analysis) Facts About Sobolev Spaces)

1.
2.

WP and Wy"" are complete (normed) spaces, so Banach spaces.
WP and Wy™" are separable for p € [1, c0)
WP and Wy"? are reflexive for p € (1,00)

In a reflexiv Banach space every bounded sequence xj has a weakly con-

vergent subsequence xy, e X
For p = 2, W™?2 is even an inner product space with the inner product
(u,v)yme2 = Z /aau - 0% dx
la|<m

so it is even a Hilbert space. One usually writes H™ = W™?2, opr =
2 ) ,2
WS Hir = Wy"

The zero boundary conditions hold in a weak sense.

If U = R™, then W™P functions decay for p < oo, i.e.

wmP(R™, RY) = W P(R™,RY)  for 1 <p< oo
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Definition 74 (Negative Sobolev space)
For U C R™ open, m € N, g € [1, 0]

W (U,RY) = Y 0% € D*| (va)jazm € LUU,RN)Em & C D*(U,R™)

|| <m

where L,, = {#a/||a| < m} and its norm is given by
| |lwr=ma :=1inf Q[ > / val® | |T= Y 0"va,va € LYU,RY)
laj<m Y jal<m

the inf is necessary since T' = ) | 0®v, is not unique. One can just add functions
in the other direction.

Remarks 75
For U C R™ open, m € Ny, p € [1,00), %‘F%:l
1.
(Wo"P(U,RN))" =2 w—m4(U,RY)
and
up — U weakly in W™P(U,RY)
= O%up — 0%u weakly in LP(U,RY) V]a| < m

= /30‘1%1) dx—>/8°‘uvdx Yo € LYU,RN), |a| <m
U U

2. (Meyer-Serrin theorem)
(a) C=(U,RN)nW™P(U RY) is dense in W™P(U,RY)
(b) C=(U,RY) is dense in WP (U,RY)

This allows global approximation of W™? functions by smooth functions.
This is part of the "H=W” paper Meyers and Serrin 1964

Lecture 15 (March 04)

12 Sobolev Embedding

Theorem 76 (Sobolev Embedding/Inequality)
Let U C R™ be open.

(i) Gagliardo-Nirenberg Type

For p € [1,n) andp*:%>p

n—
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(a) one has
Wy P(U,RN) c LP" (U,RY)
and
[l or 0y < C(ns )Vl ey

for every u € Wy P (U, RN)
(b) If U has a bounded and Lipschitz boundary one has

whr(U,RN) c LP (U,RY)
and
lull Lo 0y < Cnyp, U)llullwe )
for every u € W1?(U,RY)

(ii) Morrey Type
For p € (n, o0]

(a) one has
Wy (U,RYN) c ¢ % (U,RY)
and

[U]C0'17%(U) < O(Tl,p)”VUHLP(U)

for every u € Wy P (U, RN)
(b) If U has a bounded and Lipschitz boundary one has

whP(U,RN) c ¢%' 7% (U,RY)
and

lell s gy < €, Ul

for every u € WhP(U,RY)
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Remarks 77

1. In short
p<mn p>n
o =0 fulze SIVall,  [fulgoa-g SVl
oU bounded [lull e < ulwrs Nl goa-s S lullwos
and
*
pF = P >p & p= L
n—p n -+ p*

2. U has a Lipschitz boundary if for every x € OU there exist neighbourhoods
U of z and V of 0 in R™ and a Bi-Lipschitz map ® : U — V such that

zelU & P(z)>0
xedU & Py(z)=0
r¢U & ®(x)<0
So it can be locally straightened. Draw picture!
3. The Holder semi-norm and norm are defined by
ey = sup 1) =)

syeUu |z —yl*
Ay

l|ul| co.ery = sup [u(x)| + [u]co.o )
zcU
4. The decisive point of part (i) is that p* > p. So if u is integrable and has
a weak derivative in this space it is automatically better integrable.

5. Part (ii) is meant in the way that every u € W(lo’f has a Holder continuous
representative.

6. Both together applied repeatedly say that if we have enough weak regu-
larity and integrability, then we have classical regularity.

7. p* and 1 — 2 are optimal. This can be checked by u(z) = |z — xo|* for

s < 0.
m. times
8. m times repeated application yields for I,m € Ny, p*(m) = p* "* =
o
mp <n (m—Dp<n<mp
uloy =0 Nullwirron SNV ullwre (U] pm-n SV ullyrs
OU bounded  [[ullworom S lullwiemsful| im-z < [Jullyicns
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9. For mp = n there is no embedding of type W(’g)’p C L*° (counterexample
m=1,p=n>2u(z)= IOg(IOg(m)) on B1(0)).

Instead one only has

lullrs < Jlul|lwme for all s < oo on bounded U

Except for p = 1, m = n one indeed has
Wn,l C CO
and if either u|sy = 0 or U bounded

[ulloo S llwflwm.r.

10. For bounded, Lipschitz domain, 1 < p < n < g < 0o, and p* < q one has

>
é W2,1 o WQ,p*(—l) o WZ,p o W2,q*(—1) « Wz,n «> Wz,q — ...
3 ~
<
< &
EEU Cl
5
Wit wlp Wwln Wl q CO 1
@
2, (ii) )\
g
& O 1——
Ll > P Lp < > 14— LS > [>® 5 C(b)
4<oo
Integrability

The <+ by Hélder and the [ are trivial. For W1 = O%! see for example
Juha Heinonen - Lectures on Lipschitz Analysis, Theorem 4.1.

11. Dualizing (i)a gives embeddings for negative orders
L c e (m)
formeN,1<qg<
RM c w—m*®
forn<meN, 1<s<ocorn>meN, 1§s<#andgenerally
witmp — il (m)
for 1 € Z,m € N,1 < p < = if 9U lipschitz and bounded

Proof
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(i)a: For u € CL(R™,RY)
Zq
x):/ (X1, ooy T, Yis Tig 1y - -+ T) dY;
— 00

for i =1,...,n implying

Ju(z)|7=T < H (/}R|Vu(a:1,...,yi,...,a:n)|dyi>
i=1

where every factor is independent of z;. Integrating and using the more
general Holder inequality

k
1
< H || fill Lri , Where Z}T =
L i Z

n—1

yields

nﬁl dl’l

/|u(m)
R
</I|</ |Vu(x17...,yi,...,xn)|dyi> - dr,
Ri=1 \/R

(/ |VU|dy1>/RZﬁ2</ |Vu|dyl> i

1
1 —4

1 ( [ (o)™ d>

=2

Holder —» < (/ |Vu|dy1
R

V| dy, ﬁ V| dy; dat o (3.3)
(fwstan ) TL(] [ o)
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Similar (3.3) yields

//|u 7T dxy dcy
g/ (/ VUdyl) " H(//|Vu|dyidx1> . dxo
R \JR s \JRJR

i = 2 out n—1
< (//Vu|dy2dx1)
R JR
/ (/ |Vu|dy1> . <//|Vu|dyzdx1> . dzo
R \JR s
Holder ﬁ ﬁ
< (//|Vu|d:v1dy2> <//|Vu|dy1dx2>
R JR R JR

H(///|Vu|dyidx1dx2>n
s \JrJRJR

Inductively this yields

%, = [ o)l =rda
< H (/ / |Vu|dxy ...dx;_1dziyy ... dx, dyi)
i=1 \/RJRr

=t n
= ([ 1vuar) ™ = vl (3.4

3 o — 4 *x . np __ 7 o0
proving the case p = 1 since p* = Pl for uw € Cg°.

1
n—1

p(n 1)

For 1 < p < n applying (3.4) to v = |u|” with v = > 1 one has

n p(n—1) n pn

= = = * 3.5
n—1 n—p n—1 n-—p b (3:5)
p pn—p—(n—p) p n(p—1) p .
(v-1) = = =p" (3.6)
p—1 n—mp p—1 n—p p—1
-1 -1 -1 —p—
P _pin=1) mp p—1 pn—p wEn (37
p n—p n—p p n—p
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and

(3.5)
fulle 2 ([ 1
Rn

n-1
_n_ "
’Yn1> = ||’UHL71,11
(3.4

)
< Vol = / V]| dz = / |V da
R’VL Rn

1
Hold P _ P P
ha Irﬂ - <y¥ (/ (|u|v—1)p71 dm) (/ |Vu|de>
p—1 Rn R™

(Biﬁ)'y(/ u|p*d:£> ’ (/ |Vupdac)p

—1

pr =
= llull " [IVullLe (3.8)

Therefore

(3.7) —pr2=1 (38)
lullpor "=l 7 < A Vullze (3.9)

for uw € Cg°.

Finally since C2° is dense in WP take u;, € C° converging to u € WP,
Then

(3.9
Hum —Upllp < 'Vllvum — V| » — 0

implying uj, is Cauchy in LP" which is complete, therefore uj, — @ €
LP". Wlog @ = u (since convergence in LP" yields a.e. convergence of a
subsequence so take the subsequence if u # @). Then by (3.9)

lurllLer < Y Vug|Le
for all £ € N. Therefore

lull o = Y ffug|[pee < lim y[[Vug |z < ][ Val .
—00 k— o0

: (Sketch) For U, U c R™ open with Lipschitz boundary and U C U there

exists an continuous extension (Stein extension) E : W™P(U,RY) —
wmP(R™ RN) such that

Euly = u, Eulgn\g = 0.

So extending u to Fu yields Fu € Wy P(R™,RY) and (i)a yields the claim.

(ii)a: We first show for convex and bounded U and u € C*

u(x) —][ udy‘ < Cn,p%
v Gl

np

1Vl o (3.10)
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One has

)~ f wan| < |U/|u Dldy

N / SRR pRIRE
1

(2)
< / / / |Vu(z + tz)| dt p"'dpdS(z)
Ul Jan, ) Jo 0

diamU 1 r(z)
g/ p"—ld,o—/ / |Vu(x +tz)| dt dS(z)
0 \U| Jog,(0) Jo

(diamU)" / /’“<2>
[Vu( x—|—tz)\ T dtdS(z)
Ul oo | \
R
Yy—x (diamU)™
= = \Y% d 3.11
i el Al =t (3.11)
p—1
. (diamU)™ / r
Holder —» < dy Vul|re
0] ( v m|<“ ) vl

For fixed |U|, * is maximal for U = Bg(z) and then using p > n one can

%, proving (3.10).

ZZ u
x1]+x
B 12 2)

\wl—mz\(

pon
show * < ¢, , R 7 = C,,|U

Next we exploit (3.10) for balls

lu(ze) — u(z1)

H'Mm

|1 — 22"

< Cp,n n—1+2 ||VU||LP
|21 — 22
< C‘p,n|x1 —$2| p”VU’HLp
proving
u(x2) —u(x
[U]CO,I—% = sup w < CpnllVu| e
m1m3€U |zo — 21| "7
T1FT2

for balls and u € C*°. Approximating again yields this for every u € WP,
Additionally

(510) Holder
ju(z)| ]1 fuldy + Copl|Vallio S Copllullwrse.
By
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(ii)b: Again the Stein extension and (ii)a yield the claim.
O
Lecture 16 (March 09)

Theorem 78 (Gagliardo-Nirenberg Interpolation)
Let meN, jeNy, j<m,1<¢qr<oo,1<p<ooand

1 ] 1 1-— ]
J+a<m)+ 2 L<a<
p n r o n q m

(a) Then for every u € W™"(R™) N LI(R™)

IV ullre < el V™ ullfe ullze®

If j = 0 and ¢ = oo, then u needs some additional decay assumption such
as u € L*(R™) for some s < co.

(b) If U C R™ is open and has a bounded and uniformly Lipschitz continuous
boundary then for every u € W™ (U) N LY(U)

V7l e < el V™ ullFe lull 7 + lul

Ls
for any 1 < s < o0.

Ifr>1and m—j— = € Ny, the additional assumption o < 1 is needed.

Remarks 79

1. The case p =4, r = q =2, 5 =0, m = 1 is known as Ladyzhenskaya
inequality

2. Proofs sketched independently by Gagliardo and Nirenberg (p. 125) but
only fully published in Leoni 2017 (although there it is stated a bit differ-
ently)

Theorem 80 (Poincaré Inequality)
Let U C R™ be open, p € [1,0].

(i) Zero Boundary Conditions Type If u € Wy**(U) then
[ulle < cl[Vullzr
with
e c=LifUis in a strip of width {
e ¢ = const(n)|U|+ if |U| < oo.

(ii) Zero Mean Type If u € W1P(U)

U7][U
U

if U is connected and bounded with Lischitz boundary.

< c(n,p,U)|Vul e
Lp
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Remarks 81

1. The optimal Poincaré constant is sometimes of interest and hard to de-
termine. For (i)

e one has the scaling

P (rU) = regP*(U)

e for p = 2 the smallest eigenvalue of —A with 0 boundary conditions
is equal to (c5P*)~2

2. o |[|[Vul|psy and ||ul|w1r @y are equivalent norms on Wyt

° ‘fu| + IVu| ey and [Jul[w1.ry are equivalent norms on wihp
3. Iteratively

lulloe < | V™u| Ly for u e W™

Sketch of Proof

(i) e Assume p < oo (p = oo similarly) and U C (—%, £) x R"~1, then for

peCxU)

/ |u|Pdx
Un{az:1 <0}

Fundamental

Theorem of
Calculus / /
§ Janer |J
Holder p ,
|81u 7,2 )|Pdr | ||11]] dx'dxy
p—1
—L Jgn-1 )L L7 (2 +45)

< ( ) dacl |VulP dx
L Un{m1<0}

*%(MJFE)

p

81u(7, 2') dr| dx'dxy

Do \

_ 1
2
!
< (5 ||Vu||LP(Uﬁ{x1SO})

Similar 1 > 0 and then get the inequality for u € VVO1 P by approxi-
mation similar to Sobolev embedding.

e For |U| =1 by rescaling and n > 2 given p choose ¢ = -2~ Such that
q <n with ¢ < p < ¢* and get
Holder Sobolev (i)a Holder
lullee <l < c(np)[Vullee < c(n,p)[[Vul L
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(ii) At first consider a convex domain, then by (3.11) get

P (diamU)"™ / 1
u—+ u| de < ——— | |[Vu(y)|————dy
Jobe= g e < S 70 e
Hoélder - < --- < C(U,n,p)/ |Vul|Pdz (3.12)
U

For arbitrary Lipschitz U cover U = U;?:lXi by (convex) balls and half
balls which are Bilipschitz images of the boundary. Use (3.12) for these
and then (carefully) sum over them.

O
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Chapter 4

Nonlinear First Order
Equations

Consider U C R™ open, F': R® x Rx U — Rand g : I' C OU — R given
(sufficiently smooth) and

F(Vu,u,) =0 inU (4.1)
u=g onI' (4.2)

We will write
F= F(p,Z,SC) = F(p17-"7pnvzax17"-7xn)
so p = Vu(z), z = u(x) and for example V,F(Vu,u, x).
These equations are often not solvable but we can get some insights into the
solutions.

13 Characteristics

Similar to the transport equation we try to transform the PDE to a system of
ODEs. To do this we start at some g € I' and try to compute u along a curve.
Let the curve in R™ be

then
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Differentiating (4.1) yields

0

d
= dxiF(Vu, U, x)
= V,F(Vu,u,z) - 0;(Vu(z)) + 0. F(Vu,u,z)0;u + 0, F(Vu, u, x)

=" 0y, FO0u+ 0.Fdu+ 0,F (4.3)

j=1

So if we set the direction of the curve to cancel the second order derivatives
by

'(s) = Vp F(Vu(Z(s)), u(z(s)), 2(s)) (4.4)

then

and therefore evaluating (4.3) along the curve, i.e. in z = Z(s) yields

0 (4;3) Z apj Fazaju + 0, Fo;u + O;F

j=1
45) d
L) £p|m:f(s) + 0. FVu|p—z(s) + Vo Flo—z(s) (4.6)
and
d _ _/
£U(ﬂf(8)) = Vu(z(s)) - 2'(s)
(4.4)

Therefore defining
z(s) = u(@(s)),  p(s) =p(x(s))

yields the 2n + 1 dimensional ODEs

7 2V, Fp,z7) (48)
7 5.V, F(p,z,7) (4.9)
7Y 0. F(p,z,5)p - V. F(5, %, 7) (4.10)

The solution of this system is called characteristic and the curve Z(s) is called
the projected characteristic.
Therefore we have proved the following theorem
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Theorem 82 (PDE implies ODE)
Let u € C?(U) be a solution of (4.1), (4.2) in U. Assume Z(-) solves (4.8), where
P(-) = Vu(z()) and z(-) = u(Z(+)), then z solves (4.9) and p solves (4.10) for
those values such that () € U.

The crucial step in reducing from a PDE to an ODE is setting ' = V,F

such that the second order derivatives cancel.
Lecture 17 (March 11)

Example 83
1. Linear homogeneous F'
0= F(Vu,u,z) = b(z) - Vu(x) + c(x)u(x) (4.11)
where b: U — R", ¢: U — R are given. The characteristic equations are
given by
7' (s) = b(a(s))
(4.11)

7 (s) =p-b(@(s)) —c((s))z(s)
which is closed and uncoupled from p(s).
(a) Explicit F
100U — T201u = u in U ={z1,22 > 0}
u=g onI'={z; > 0,202 =0}

Then ¢ = —1, b = (—x2,21) and therefore

7y (s) = —T2(s)
To(s) = T1(s)
7' (s) = z(s)

which is solved by
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and therefore

x2 = 73(s) + 73(s), s = arctan (m)
T1

Finally

@
Z()es — u(mo)es _ g(xo)earctan(ﬁ)

=g ( 37% + l'%) earctan(%)

£
8
5
8
no
S—
I
2
&
[

2. Quasilinear F'
For

0=F(Vu,u,z) = b(z,u(s)) - Vu(z) + c(z,u(z))

exactly as to before

but these are coupled and nonlinear.

Note that the boundary condition needs to be provided where the charac-
teristic enters the domain. If z(s) goes along I" we don’t know anything about
u in the domain.

14 Boundary Conditions

What are the right boundary conditions to make the (nonlinear first order) PDE
solvable?

Straightening the Boundary
Assume OU is C*, then for every xo € OU there exists a ball B, (zg) such that
UNB,(xg) = {x € B,(x9) |:1:n > (T, T0),Y € C’k} )
Define ¢ by
yi = pi(x) =24 fori=1,...,n—1
Yn = on(T) = Tn —Y(X1, ..., Tp1)

draw picture
and the inverse ¢ by

i =Yi(y) =y fori=1,...,n—1
T = 0 (Y) = Yn + (Y1, Yn—1)

(0]



Let u be a solution to

F(Vuu,-)=0  inU (4.14)
u=g onI' C oU (4.15)
then
v(y) = u(¥(y)) in vV =p(U)
= u(z) = v(p(z)) in U =y(V)
solves

and for the boundary
v(y) = h(y) = 9(4(y))
for all y € A = p(I), i.e. v solves

G(Vv,v,) =0 inV
v=~h on A C R"! x {y, =0}

which has the same structure as (4.14), (4.15)! This works only locally though.
So from now we can assume that I' is flat near zg, i.e. z, = 0.

Compatibility Conditions
We need appropriate initial conditions for the ODEs to be solvable, i.e.
]5(0) = Do, 2(0) = 20, -f(o): xo

We know zp € T and zg = u(xg) = g(xo) so we only need a condition for py.

w(xy, ..y Xp-1,0) =g(x1,...,Zpn_1)
and therefore
po;(x0) =0iu(zo) = 0;g9(xo)  i=1,...,n—1 (4.16)
and additionally the PDE should hold, so
F(po, z0,20) =0 (4.17)

and therefore (4.16) and (4.17) determine the n components of pg.
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Definition 84

The colored equations are called compatibility conditions between the PDE
and boundary data. A vector (pg, 20,79) € R*" 1 that satisfies these is called
admissible.

Similarly in a neighbourhood around zg the compatibility conditions should
be satisfied. Therefore

F(q(y),9(y),y) =0 (4.19)

should be satisfied for all y € T" sufficiently close to xg.

Lemma 85
There exists a unique solution ¢(-) of (4.18), (4.19) for all y € T" in a neighbour-
hood of zy provided that

9p, F'(po, 20, wo) # 0. (4.20)

Proof
Let G : R™ x R™ — R” be defined by

Gi(p,x) =p; — 0ig(x1,...,Tp-1) i=1,...,n—1
Gn(pax) = F(pag(l'la cee axn—1)71')

Then
1 0 0
V,G(po, zo) = B :
g 0 1 0
aplF(pOaZOaxO) apnF(p07ZOax0)

and therefore det V,G(po, zo) = 0,, F(po, 20, 20) # 0. Therefore the implicit
function theorem says that there exists p(z) such that G(p(z),z) = 0 provided
x is close to xg. Therefore G(p(x), z)|.er = 0 yields the claim. O

(po, 20, o) is called non-characteristic if (4.20) holds.

15 Existence of local solutions

Lemma 86 (Local Invertibility)

Assume 0,, F(po, 70, z0) # 0. The there exists a open interval I C R containing
0, a neighbourhood W C T' C R"~! of g, a neighbourhood V' C R"™ of xy such
that for each € V there exists a unique s € I, y € W such that

x=Z(y,s)

where Z(y, s) is the projected characteristic starting at y, i.e. with Z(y,0) =
(y,0). The mapping z — s,y is C.
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Lecture 18 (March 16)

Proof
We want to again exploit the implicit function theorem. Since Z(xg,0) = xo,
the claim follows if det VZ(xo,0) # 0. We have

z(y,0) = (y,0)
and therefore

(Sij j:l,...,n—l

ayz‘jj (1'0’ 0) = {

0, j=n
and the characteristic ODE for x(xq, s) yields

_ 4.8 o
053 (20,8) s =) Vo F (P, 2,7)|sm0 = VypF(p0, 20, 70)

and therefore

1 0 8p1F(pOaZO7x0)
Vi‘(l‘o, O) =
0 1 :
O 0 8pnF(p0,z0,x0)
implying det Z(xg,0) # 0 by the non-characteristic assumption. O

Since for each € V there is a unique s,y such that
x=Z(y,s) (4.21)

we can define

and

u(z) = z(y(x), 5(x)) (4.22)

Theorem 87 (Local Existence)
Assume (po, 20, o) is admissible (Definition 84) and 9, F(po, 20, Zo) # 0. The
function defined in (4.22) is C? and solves

F(Vu,u,-)=0 inV
u=g onI'NV

Proof

1. Fix y close to z¢ and let Z(y,s),z(y, s),p(y,s) solve the characteristic
ODEs with starting point Z(y,0) = y.
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2. Then by construction we claim

f(y:s) = F(p(y,s),2(y,5),2(y,5)) =0 (4.23)
This holds since by (4.19)

F(5.0) = F(p(y,0), 2(4,0), 2(.0)) = Fla(w). 9(v).v) =" 0

and by the characteristic equations

d d d d
= =V,F- F F-—
dsf(y’s) v, e —p+ 0, z+V dsm
O G P 0.Fp— VyF - Vo F + 0.Fp -V, F + V,F -V, F
=0

3. By (4.21)-(4.22) and Lemma 86

F(p(y, ), 2(y, 5), (y, 5)) F(ply, s), u(x), z)

4. Tt is left to show that p(z) = p(y,s) = Vu(z). To do this first establish

(4.23) (4.21)—(4.22)

0

="p-V,F'="p-x (4.24)
and

ZPJ (¥, $)VyZ;(y, s) (4.25)

which can be shown similar to f(y,s) = 0.

To explicitly prove (4.25) define

r(s) = Vyz(y,8) = > 0i(y,9)Vy@;(y, s)- (4.26)
J

Then by the compatibility conditions in the neighbourhood

r(0) = Vyz(y,0) — ijyOVyL](yO)

= Vyg(y Z q;(y ij

(4.18)
=Vyg(y) —g;(y) ="0 (4.27)
Computing the gradient of (4.24)
VE =) VB + ) BV (4.28)
J J
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which yields
2,2 -3 Ve, - p v,
i i
(4.28) P _
=0 =D mVE ) VT
7 7

(4.10),(4.8) Z 8, FVI; + Z 0.Fp;Vz; + Z Vp;0,, F(4.29)
. j y

! J
Taking the gradient of (4.23)
0= zam FVyp; + aszyZ + Z 8T]FV£J
/ J

such that by (4.29)

r'=> 0.FpjVz; - 0.FV,z2=0.F [ > p;V,Vz; - V,z
J J

=—0,Fr
implying

r(s) = r(0)e Jo 0:F dr 420

5. Finally
Vu(x) = V.z(y,s) =Vyz-Vyy+2'Vys

LN 5V, 2y Vay + 5 F Vs
i

=> 9 (Vyz;(y(@), s(x)) - Vay + 7 Vas(y(2), s(x)))

O

Remark 88 (Non-Flat Boundaries)
For non flat boundaries the non-characteristic condition 9, F'(po, 20, o) # 0 is

V(o) - VpF(po, 20,%0) # 0,

where v(zg) is the outward normal at z.
The compatibility conditions (4.16) then have to hold in the tangent plane.
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16 Conservation Laws

We will study the PDE

Ou+ 0, F(u) =0 in R x (0, 00) (4.30)
u=g on R x {t =0} (4.31)

where F': R — R and ¢ : R — R are given.

These are really common since they conserve the quantity « (usually a con-
centration or density) on a domain when taking into consideration the out-
/inflow flux.

7/ xtdx_/autm /aF F(u(a)) — F(u(b)),

where F'(u(a)) is the inflow on the left-hand side and F(u(b)) is the outflow on
the right-hand side.
Similar in n dimensions and F : R — R",

Ou+V-F(u)=0

and ) C U arbitrary

d [ .

— | w(z,t)de = / u / V- F(u) 7/ v F(u(z))dS(z)
dt Jo Ja o9

so the change in the domain is equal to the negative flow over the boundary.
Note that can rewrite the PDE as

Ou+ F'(u)u, = 0.

16.1 Weak Solutions

Let ¢ € C*°(R x [0,00)) have compact support (potentially ¢ # 0 at t = 0)
then

0:/ / (Oru + 0, F (u))p dx dt
0 —00

o0 (o) o0 (o) o0
- udpp dx dt —/ u Q=g dx —/ / F(u)0ypdx dt.
/O /—oo ' —oo\::; ! 0 —o0

Definition 89
u € L®(R x (0,00)) is called an integral solution of (4.30), (4.31) if

/ / (udrp + F(u)0. ) dde—/ 9plt=0 dz =0
0 —00

— 00

holds for all ¢ € C°(R x [0, 0))
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T

If w is smooth except for a potential jump along the curve ¢ through space-
time, where v is the normal, see Figure 16.1, and the support of p € V = VUV,
then with V = (9, 0)

0= / (uOpp + F(u)0ypp) dt dz
v

:/ (F(u),u)-VgpdtdI—&—/ (F(u),u) - Veodtdr
Vi

Vr

= /@(F(ul),ul) cvdr — / (Ou + 0, F(u)) pdt dx
—_——
¢ Vi =0 u classical sol

+ /@(F(ur)mr) (—=v)dr — /V (O + 9, F(u)) pdt dx

=0 u classical sol

- / oo (Flur) — Fluy)) + valu — uy) dr

where w(y) = lim w(z) and u,(y) = lim w(z) for y € ¢ are the left and
Visz—y Vidx—y
right sided limits of the jump.
Since this has to holds for all ¢ we get

(F(uw) — F(up))vy + (ug — up)ve =0

along c. Note that when ¢ is parametrized by ¢, i.e. ¢ = {(z,t) € R* |z = s(t)},
then

1 /
v(t) = 7@“ —s')

and therefore
F(u) — F(u,) = s (u — u,.)

along the curve.
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16.2 Rankine-Hugoniot Condition

Theorem 90 (Rankine-Hugoniot Condition)
The condition

[F ()] = ol[u]]
where
[[F(w)]] = F(u,) — F(u;) is the jump in F(u)
[u]] = up — is the jump in u
o=3s is the speed of the curve
has to be satisfied for all integral solutions.

Example 91
The Burgers’ equation

up + uuy =0 in R x (0, 00)

u=g on R x {0,000}

is a conservation law with O;u + O, (%UZ) = 0 and quasilinear. Therefore it’s
characteristics are given by

g (422 by =u(T) =z
POy,
7 (419

and therefore Z is constant, i.e. u is constant along the curves
(%(5), £(s)) = (u(Z(s)), ),
and if the curve goes through (z,t) at s = s1, then
u(z,t) = u(Z(s1),t(s1)) = 2(s1) = 2(0) = g(wo).

So the (projected) characteristics are tangent to (u, 1) and u is constant along

them.
Lecture 19 (March 18)

1. Assume now explicitly that

1 <0
glx)=q¢1—-z 0<z<1
0 1<z

then
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and the projected characteristics look like

7

t

X

So w is constant along the maroon lines but what happens at the teal line
when the characteristics cross?

The solution is given by

for t <1, i.e. when the characteristics did not cross yet.

From the picture we assume s(t) = 3 and

() = {1 x < s(t)

0 s(t)<z

and check the Rankine-Hugoniot condition

—
()
=N =N

=
I

£
|

2
I



and therefore
(F ()] = 5 = olfu]

and it is satisfied.

We have shock formation!

2. Assume now the opposite problem

Then the characteristics are

t

What happens
here?

We can set

0 z<i
Ul(xvt):{ ‘f 2
L35
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which is constant and satisfies the Rankine-Hugoniot condition at the
jump and is therefore an integral solution. Or we can set

0 =<0
ug(z,t) =q % 0<a<t
1 t<zx
t

which is continuous so trivially satisfies the Rankine-Hugoniot condition
andut—l—uuw:—t%—kf%:Ofor0<x<t.

Both are integral solutions of Burgers’ equation! So this class is not unique!

How to select a physical solution? The idea is that moving backwards in
time the characteristics should never cross. Then entropy will increase in
time.

This yields the following.
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16.3 Entropy Condition

Remark 92 (Entropy Condition)
The entropy condition states that at a discontinuity

F'(w) >0 > F'(u,)
ug is continuous so satisfies the entropy condition but u; does not since
/ 1 / /
F(ul):ul:O<§:s =o<1l=u=F'(u).
Strictly speaking for uniqueness (Evans 2010, Chapter 3.4, Theorem 3) one
needs a bit more: F needs to be uniformly convex (which it is in Burgers’

equation) and a more refined entropy condition (Evans 2010, Chapter 3.4, p.
149 (ii)).
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Chapter 5

Second Order Elliptic
Equations

We will consider U C R™ open with sufficiently smooth boundary OU and

Lu=f inU (5.1)
u=0 on OU

where f: U — R and

Lu=— Z 0;(a;j(x)0;u) + Z bi(x)0;u + c(z)u (5.3)

i,j=1 i=1

are given and u : U — R.
Non homogeneous boundary conditions will be discussed shortly in Remark

105

Definition 93 (Ellipticity)
L is called uniformly elliptic if there exists 6§ > 0 such that

n

> ai(@)ég; > 0l (5.4)

,j=1

for a.e. x € U and all £ € R™. This means that A(z) the matrix with elements
ai; is positive definite for a.e. x and smallest eigenvalue greater or equal to 0.

From now on we will assume L is uniformely elliptic.
Example 94

1 i=j
’ ],bzo,c:OthenL:Aand we get the Laplace

For aij = 5ij = 0 7,7&]

equation.
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17 Weak solutions

Testing (5.1) with ¢ € C2°(U), i.e. multiplying and integrating by parts and
the boundary condition (5.2), yields

/fgodx:/Lucpdx
U U

=— Z / 82--(aijaju)cpdac—&—/b-Vugodx—i—/ cup dx
U U

4,j=1

=— Z / vi - (ai;05u)p dx + Z / aijajuﬁicpdx—l—/b-Vugodx
U U

i,j=1 1,5=1

+ / cup dx
U

= Z / aijaju&»(pdx—i-/UVmpdw—i—/ cup dx
U U

4,j=1

=: Blu, ¢]
Definition 95
1. The Bilinear form B[, ] associated with L given by (5.3) is
Blu,v] = Z / a;;05u0;v dx —|—/ b- Vuvdx +/ cuv dx
ij=17U U U
for all u,v € HE(U).
2. u € H}(U) is called a weak solution of (5.1), (5.2) for f € L? if
B[U7 U] = <fa U>L2
for all v € H}.

3. More generally u € H}(U) is called a weak solution of (5.1), (5.2) for
feH1tif

Blu,v] = (f, U>H*1><Hé

for all v € H}. Remember H 1 = (H})*

Definition 96 (Classical, Strong, Weak, Very Weak solution)
Although the terminology varies depending on the author usually (disregarding
boundary conditions)
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e u is called a classical solution of Lu = f if u € C? and
Lu=f
holds pointwise.
e u is called a strong solution of Lu = f if u € H?
Lu=f
holds almost everywhere.

e v is called a weak solution of Lu = f if u € H!
Blu, o] = (f,0) s
for all v € H{, i.e.
Lu=f
in H-!
e u is called a very weak solution of Lu = f if u € L?
Lu=f
in H—?2
e Similar for a m-th order partial differential operator

— Classical v € C"™ and Lu = f in D* = pointwise
— Strong u € WP and Lu = f in D* = a.e.

— Weak v € W% and Lu = f in D*

— Very Weak v € LP and Lu = f in D*

Lecture 20 (March 23)

18 Existence of solutions

Theorem 97 (Lax-Milgram)
Assume that H is a real Hilbert space and

B:HxH—R
is bilinear and there exists a;, 8 > 0 such that

| Blu, ol| < allullalo]lm

90



for all u,v € H and
Blu,u] > Bllul|% (5.5)

for all u € H. Let f be a bounded linear functional on H. Then there exists a
unique element u € H such that

B[u’v] = <f7U>H*><H
forallve H.

Definition 98
(5.5) is called coercivity condition.

Proof

1. For fixed v € H the mapping v — Blu,v] is bounded linear functional
on H and therefore Riesz representation theorem yields the existence of a
unique w € H such that

Blu,v] = (w,v)n

where (-,+)y is the inner product on H for all v € H. We define the
operator that maps u — w as A and can write

Blu,v] = (A(u),v) g (5.6)

2. A: H — H is bounded and linear since
[AW)||H = (A(u), A(u) i = Blu, A(u)] < alullm | A(w) ||
and for all uy,us,v € H and A\, A3 € R

(A(>\1U1 + )\2”2)71})]{ = B[/\1u1 + AQ'U/Q,'U} = /\1B[U1, ’U] + )\QB[UQ,’U]
= M (A(u1),v) i + A2(A(u2), v)
= (MA(u1) + A2 A(uz), v)

So write A(u) = Au from now on.
3. We have
Bllullf < Blu,u] = (Au,u)n < [|Aull|lullm
and therefore S||u|l g < ||Au| g implying

e A is one-to-one

e R(a) =range(A) is closed in H (see Thrm 1 here for example)
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4. Actually
R(A)=H (5.7)

Suppose not, then since H = R(A) ® R(A)* and R(A) is closed, R(A)~+
is open and so there exists 0 # w € R(A)*, which contradicts

Bllw||% < Blw,w] = (Aw,w) = 0.
5. Again by the Riesz Representation since f is a bounded linear functional
on H, there exists w € H such that

o) e = (@,0) "2 (Ad,0)g "2 Bla, o]

6. This @ is unique, since for Bla,v] = (f,v)g«x g and Bld,v] = (f,v)g+xn
by linearity of B

Remark 99
If B is symmetric, i.e.

Blu,v] = Blv, u]

for all u,v € H then it defines an inner product on H equivalent to its norm
and therefore Riesz Representation Theorem yields the result directly.

Corollary 100 (Existence of Weak Solutions)
Let ajj,c € L®(U), Lu = — >, 9i(aij()0ju) + c(x)u with ¢ > 0 be uni-
formly elliptic, i.e. szzl aij(2)&€&; > 01612, f € H™! then there exists a unique
weak solution u € H' to
Lu=f inU
=0 on OU

Proof
The form

B:H} x HY - R

Blu,v] = Z /Uaijﬁju(’“)ivd;v—i—/[]cuvdx

ij=1
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is bilinear, continuous since by Hélder’s inequality

|Blu, v]| <lallLe [Vul| L2 [Vl L2 + el oo f[ull 2 [[v]| 2
< (lalle + el ) [ull ol o

=«

and by Poincaré inequality
lull2 < €l|Vul| 2

implying

wmzl=nm&2+nvm@zs<1+43/QVu-Vudw

S (1 +E)/ Z aijaiu-ajudx
U

ij=1

<(1+4+¢) Z /Uaz‘jajU@Udl”Jr/UCUQdI

i,j=1

= (1+8) Blu,u]
——

W=

for all u € H}. So Lax-Milgram 97 yields the claim. O

Corollary 101
For uniformely elliptic

n

Lu=— Z 0i(ai;(x)0ju) + Z bi(x)0iu + c(z)u

i,j=1 i=1

with a;j,b;, ¢ € L>(U) there exists v > 0 such that for every p > vy and f € H~!
there exists a solution u € H! of

Lu+pu=f inU
u=>0 on OU

Sketch of Proof
The only problematic estimate proving the coercivity conditions

Bllull?y < Blu,u).

e Forb=0set L = L+||¢||z~ such that ¢ > 0, which is covered by Corollary
100. So v = ||¢||p~ yields the claim.
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e For b # 0 one can estimate the middle term by Holder and Young’s as
follows

‘/ b-Vuudr
U

for every € > 0. Choosing ¢ sufficiently small this term can be compen-
sated by the ellipticity constant and the |||~ will be absorbed by ~
as

1
< bl lIVull g2 llullz < el Vullze + Z[1BIZ[lulF5-8)

lullF = 1VulZe + [lulZ:

(5.8) 2¢ 2
< (1+ ) [Vul?. + (1 + 4é_ellb'ioc> [Jul|7

/ b-Vuudr

(.4) 1

< Z .

< 9( ) Zamau@ de+6/[]b Vuu dx

2 2

+9 cu® dx + 1+7Hb||L°° glellize ) llullz.

:2 2 2

< - Zaijﬁiuajudx—l— b-Vuudzr + [ cu”dx
01 Ju i v

2/(0 1
+ (2 + ogllbllE< + c||Loo) lullZ2

=

2
0

< 2 [Blu,u] + pllul7.] =

SR

where B is the bilinear form associated to Lu = Lu + L.

This choice of v is most likely not optimal!

O
Example 102
The boundary value problem for the Poisson equation
—Au=f inU (5.9)
u=0 on U (5.10)

has a unique solution u € H' for every f € H™ 1.

Lecture 21 (March 25)

94



19 Neumann Boundary Conditions
Consider

—Au=f inU
v-Vu=0 on OU

and v € C2. Then for all v € C*(U)

O:/U(Au—&—f)vdx

z/ n-VuvdS+/Vu-Vvdx—/fvdx.
ou U U

=0

Note that we need the compatibility condition

O:/ V~VudS:/Audx:/fdx
ou U U

so [ has to be average free.

Definition 103
u € HY(U) is called a weak solution of (5.9), (5.10) for f € L? average free if

/Vu'Vvdx:/fvdo:
U U

for all v € HY(U) D> H}(U).

Corollary 104
For U C R™ with Lipschitz boundary and every average free f € L? there exists
a (up to additive constants) unique solution u € H! of (5.9), (5.10).

Proof
We need to show

Blu,v] :/ Vu-Vuvdz
U

satisfies
| Blu, v]| < ||ullg1|[v] g

which follows directly by Holder’s inequality and there exists a constant 5 > 0
such that

Bllullfn = Blu, u]
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For average free u € H' this follows by the Poincaré inequality as

lullZn = llullZ + 1Vulie <l Vullis + [VullZ: = (c+ 1) Vul i
= (¢+ 1) Blu, ul.
~——

=

So by Lax-Milgram 97 there exists a unique solution u in the class H! N
fUudx = 0. The claim now follows since adding constants does not change
the definition. O

Remark 105 (Non-Homogeneous Boundary Conditions)
If we want to solve

Lu=f inU
u=g on OU

then every g € Hz(9U) (see wiki for definition of H?2) is the boundary (in the
sense of Traces Evans 2010, Chapter 5.5) of an H'(U) function w (see wiki).

In essence, for u € H*(U) the space g € H%(aU) is exactly the space for
which it makes sense to define u|sy. And conversely for every g € H %(BU )

there exists a (non-unique) w € H*(U) such that w|sy = g.

Therefore defining & = v — w it has the form

Lu

f::f—Lw in U
u =0

on OU

j

5
I

and then u = w + 4 so it suffices to solve the zero boundary condition problem.
There are some caveats to this. In principle one can similarly solve the non-
homogeneous Neumann boundary problem.

20 Regularity
In Theorems 24 and 27 we have seen that if u solves
Au=0 inU
then u is C'*° and even analytic inside of U. What can one say about

Au=f inU
u=g on OU

or the Neumann boundary value problem?
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Consider U = R™ or U = II", the torus, i.e. [0, L]" with periodic boundary
conditions, such that the boundary does not have an influence on the solution.
Then if u € C*(U) solves

Au=f inU

one has by integration by parts

I £1122 = || Aul3. :/UAuAuda::/a I/Au~Vudm—/UVAu-Vudx

U
=0

=/ VVu: VVudx—/ vVu: VVudz = ||V2ul| g2
U oU

=0

By approximation this holds for all © € H?.
Since Vu is average free on U (otherwise u ¢ L?(R™) or can not have periodic
boundary conditions on II") Poincaré inequality, i.e. Theorem 80, yields

ullFre = l[ullF2 + IVullZs + IVull72 < lullfs + (14 cpe) Va7
= |lulli> + (1 + cpo)llflI72 < o0

by assumption. Similarly V*u solves
AVFu = VFAu = VF f
and therefore
lullFpese < llullzz + cll £l 7

showing that u is automatically twice more regular than f.

Corollary 106
For U C R” with C? boundary and every average free f € L? there exists a (up
to additive constants) unique solution v € H? of

—Au=f inU
v-Vu=0 on JU.

Proof
By Corollary 104 there exists a unique solution v € H'. Similar to before
assume u € C*°, then

||f||%2:||Au||%2:/AuAudx:/ v-Vu Audm—/Vu~VAu
U ou g U

=— Vu- (v-V)Vudr + ||Vul3. (5.11)
oU
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e Assume that the boundary is piecewise flat. Without loss of generality
take U = {z € R" |z, > 0}. Otherwise estimate similarly on the flat
portions. Then

0 81u
v=—e,=| - Opu =0 Vu = .

0 3n,1u
-1 0

on QU and taking the tangential derivatives of the boundary condition

0;0,u=0fori=1,...,n—1

Therefore
n—1
Vu- (v-V)Vude = — Z 0;u0,,0;u dx
ouU = Jou
n—1
==Y | Owudidudr=0 (512
—, JoU \:,-/
implying
ullfrz = llulle + [Vull72 + [V2ul?e
(5.11)

= ullf + A7+ | Vu-(v-V)Vude
oU

(5.12)
=7 lullFn + 11£11z (5.13)
e If the boundary is not flat then similarly the only contribution to Vu on
OU is tangential, i.e.
n—1
Vu=>» 7(r-V)u (5.14)
i=1
for a basis of tangent vectors 7;. Since v - Vu = 0 taking the tangential
derivative we have
0=7-V( -Vu)=Vu-(r-V)v+7-(v-V)Vu. (5.15)

——
<c)

Therefore the boundary term in (5.11) can be estimated by
(5.14)

Vu-(v-V)Vudz
U

/ (t-V)ur - (v-V)Vudx
U

612 / (r-V)uVu- (7-V)v dzx
oUu ——
<C()

< &) /8U IVl da (5.16)



Now extending v defined on the boundary to ¢ defined on U with (|oy = v
we find using divergence theorem and Young’s inequality

/ |Vu|2dx:/ 1/~C|Vu|2das:/ V- (¢|Vul?) da
oU oU U

:/V-C|Vu|2dx+2/Vu~(C~V)Vud9c
U N~~~ U
c(U)
< CU)VullZz + 2(Vul| 2| Vul| 2
< C:|| V22 + & V2ul)2. (5.17)

for every € > 0. Combining (5.11), (5.16), and (5.17) and setting € = %

lullZre = llullZe + [ VulZe + [IV2ullZ

= llullip + 1172 + [ Vu-(v-V)Vude
oU

<l + 1713 +C [ [V do
< Cellullip + 1172 + el VullZ
for any € > 0 and choosing € = % it can be absorbed such that
lull%e < 20122 + Cllull%. (5.18)

Now approximate u € H! by these u € C*, then this holds for all v € H',
showing that u € H? since the right-hand side of (5.13), and (5.18) is finite
since by assumption f € L? and by Corollary 104 u € H'. O

Using cut-off functions and approximating derivatives by difference quotients
the interior regularity can be generalized to elliptic operators.

Proposition 107 (Interior Estimates; Evans 2010, Chapter 6.3.1, Theorems
1+2)

Assume a;j,bi, ¢ € CKTY(U) or merely a;; € CHU), bj,c € L=(U) if k = 0
f € H*(U) and v € H*(U) is a weak solutions of

Lu=f in U.

Then u € HT?(U) and

loc
ullgr2vy < el fllam @) + llullzz @)
for all V € U and ¢(k,U,V,L) > 0.
Remarks 108

1. This is a result just for the interior. Therefore we do not specify boundary
conditions, but the result only holds away from the boundary, i.e. in
V € U and equivalently H**?

loc
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2. In view of the Sobolev embedding, Theorem 76, if f is sufficiently regular,
u will be a classical solution in the interior.

The general case with boundaries is more advanced.

In particular what what is the correct space of boundary data. See Remark
105, Evans 2010, Chapter 5.5 and wiki.

But the idea is similar to the one of Corollary 106. All tangential derivatives
have to match the boundary condition and then estimate the normal part 92u =
Au—S"02u = f — 27;11 O2u or appd2u = Lu — ..., where the right-hand

i=1
side is now sufficiently regular.

Proposition 109 (Grisvard 1985, Theorem 2.5.1.1 4+ Corollary 2.5.2.2)
Let k € Ny, L uniformly elliptic, b; = 0, ¢ > 0 and u € H?(U) solve

* Lu=f inU
u=gq on OU
with g € W2+k_%’p(3U) or
° Lu=f inU
v-Vu=g on OU
with g € W52 (9U)
and f € WkP(U). Then u € WF+22(U).

Remark 110
Loosely speaking, u is twice more differentiable than f and what one looses by
evaluating the boundary data.
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